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Abstract

A fundamental requirement of the electric power system is to maintain a continuous and instantaneous
balance between generation and load. The intermittency and uncertainty introduced by renewable energy
generation requires expanded ancillary services to maintain this balance. In this paper, we examine the
potential of thermostatically controlled loads (TCLs), such as refrigerators and electric water heaters, to
provide generation following services in real-time energy markets (1 to 5 minutes). Previous research in this
area has primarily focused on the development of centralized control schemes with an aggregate TCL model.
An objective of our approach is to enable each TCL to model and control its dynamics independently and
to use distributed convex optimization techniques to allow a central aggregator to influence, but not directly
control, the behavior of the population. To control the non-linear dynamics of hysteretic dead-band systems
in a manner suitable for convex optimization, we introduce an alternative control trajectory representation
of the TCLs and their discrete input signals. This approach allows us to approximate the control of a TCL
as a convex program and to produce a solution that can be interpreted stochastically for implementation. To
perform distributed optimization across large populations of TCLs, we apply a variation of the alternating
direction method of multipliers (ADMM) algorithm. The objective of the distributed optimization algorithm
is to enable an aggregator to coordinate with a population of TCLs and to increase or decrease the total
power demand according to a control signal. We include experimental results in which different populations
of TCLs with varying levels heterogeneity are optimized to provide 5-minute ahead generation following
services. We numerically demonstrate the algorithm’s potential for controlling a TCL population’s power
demand within a definable error tolerance.

Keywords: Smart grid, Distributed optimization, Alternating Direction Method of Multipliers (ADMM),
Ancillary services, Generation following, Thermostatically Controlled Loads (TCL)

1. Introduction s as regulation and load following, to maintain bal-
s ance between generation and load [1][2][3][4][5]. Re-
1.1. Background and Motivation 10 searchers have proposed a number of solutions for

o u employing residential demand response to shift flex-
The variability of renewable energy resources, |, o joads based on a price signal, helping to re-

particularly wind and solar, poses a challenge for = q,c0 the need for load following [6][7][8]. In the
power system operators. Namely, as renewable

penetration increases it will be necessary for op-
erators to procure more ancillary services, such

1w long-term, grid-scale storage technologies (e.g. fly-
15 wheels, batteries, etc.) are sure to play a major
16 role in providing these ancillary services [9][10][11].
17 In the near-term, responsive thermostatically con-
18 trolled loads (T'CLs) have a high potential for pro-
1  viding such ancillary services [12][13].
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ation following. For experimental purposes, we de-
fine generation following as the complement of load
following whereby loads are employed to smooth the
power generation from renewable energy sources.

The advantages of responsive TCLs over large
storage technologies include: 1) they are well-
established technologies; 2) they are distributed
throughout the power system thus providing spa-
tially and temporally distributed actuation; 3) they
employ simple and fast local actuation well-suited
for real-time control; 4) they are robust to outages
of individuals in the population; and 5) they, on the
aggregate, can produce a quasi-continuous response
despite the discrete nature of the individual controls
[13][14][15]. These characteristics make TCLs suit-
able for both direct load management programs, in
which a utility can actuate TCLs to meet objectives
like peak demand reduction or emergency situation
handling, and indirect load management programs,
in which utilities use price signals, rebates, and sub-
sidies to incentivize the shifting or reduction of TCL
power demands [3]. We refer the reader to [3] for a
comprehensive study of utility-scale load manage-
ment, to [13] for a discussion of the advantages and
disadvantages of TCLs compared to grid-scale stor-
age technologies, and to [14] for a look into the po-
tential costs and revenues of demand response with
TCLs.

Additionally, because TCLs are controlled ac-
cording to a temperature setpoint, customers are
generally indifferent to precisely when energy is
consumed as long as the temperatures are main-
tained within a dead-band range. This natural flex-
ibility makes TCLs a promising candidate for par-
ticipating in power system services.

1.2. Contributions
Novel contributions of this work include:

e The alternative control trajectory representa-
tion — a novel approach for representing the
control of agents with non-convex constraints
as a convex program. The resulting convex
program provides a solution that can be in-
terpreted stochastically for implementation.

e The application of an alternating direction
method of multipliers (ADMM) sharing algo-
rithm for the distributed convex optimization
of TCLs. Each TCL agent optimizes a pri-
vate objective function, while the central ag-
gregator iteratively updates an incentive vari-
able to drive the population towards a global
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objective, such as generation following. By dis-
tributing the computation using ADMM, each
TCL is able to optimize its objective in parallel
and the population can efficiently converge to
a global solution.

e By applying the alternative control trajec-
tory representation and alternating direction
method of multipliers sharing algorithm, this
paper demonstrates the control of a population
of systems with integer states using a convex
algorithm. This is a fundamental gap that we
bridge.

1.8. Literature Review

1.3.1. Early TCL Modeling and Cold Load Pickup

Research into the modeling and control of TCLs
began with applications to peak shaving and cold
load pickup in power systems. Cold load pickup is a
phenomenon which occurs in a distribution network
due to the restoration of power after an extended
outage. Normally, the power demand of thermo-
statically controlled loads is desynchronized. How-
ever, following outages, TCLs will simultaneously
demand full power, contributing to the cold load
pickup peak. To address this problem, researchers
focused on methods for modeling and reducing TCL
demand during cold load pickup events as well as
peak demand hours.

The earliest examples of such work include the
Thara and Scwheppe paper on space condition-
ing during cold load pickup [16] and the Chong
and Debs paper on individual and aggregation
load models [17], both of which used individual
TCL models to describe load dynamics. In [18],
Mortensen and Haggerty develop a discrete-time
TCL model, which was later adapted by Ucak to
model heterogeneous TCL populations [19]. In [20],
Pahwa and Brice describe the modeling and param-
eter estimation of residential air conditioning loads
as well as a basic aggregation method. Malhame
and Chong’s study [21] is among the first reports
to use stochastic analysis to develop an aggregate
model of a TCL population. The resulting coupled
Fokker-Planck equations, derived in [21], define the
aggregate behavior of a homogeneous population.

While efforts were made in these early works to
model the aggregate demand of a TCL popula-
tion and to propose control schemes for reducing
demand during peak hours and cold load pickup
events, the most meaningful contributions focused
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on the modeling and parameter estimation of indi-
vidual TCLs.

1.8.2. Aggregate TCL Modeling and Centralized
Control

Recent research efforts have focused on the mod-
eling of TCL populations using aggregation meth-
ods. A key objective of this research is to develop
and evaluate methods for characterizing the tem-
perature density evolution of a TCL population. By
incorporating centralized control strategies, aggre-
gated TCL populations are able to provide ancil-
lary power system services like load following and
regulation rather than just load reduction. In [15],
one of the first papers to develop a modeling and
control strategy that allows TCLs to perform an-
cillary services, Callaway uses a linearized Fokker-
Planck model to describe the aggregated behav-
ior of a TCL population. Direct load control is
achieved by broadcasting a single time-varying set-
point temperature offset signal to every agent. Nu-
merical results demonstrate how small perturba-
tions to the setpoint can enable TCLs to perform
wind generation following. Later work builds upon
concepts in [15] by considering sliding mode con-
trol [22], proportional-integral control [23], linear
quadratic regulators [24], and switching rate broad-
cast actuation [25].

In [14] and [26], Mathieu, Koch, and Callaway
propose a proportional controller which, at each
time step, broadcasts a switching probability, n, to
all the TCLs in the population. If n < 0, all TCLs
that are on must switch off with a probability of 7
and if n > 0, TCLs that are off switch on with a
probability of . In [27], Koch et al. employ a linear
time-invariant (LTT) representation of a TCL pop-
ulation. As in [22], a “state bin” modeling frame-
work is used and the aggregate probability mass
is allowed to move through these bins. A Markov
Chain-based approach is used to predict the evolu-
tion of the heterogeneous TCL population.

Similar work can be found in [28], [29], and [30]
where Zhang et al. use a state bin concept to rep-
resent the evolution of the TCLs and introduce
clustering to better account for heterogeneity. In
[28], a second-order aggregate model for a heteroge-
neous population of TCLs is developed. To address
the high state-space dimensionality of this model,
a complexity reduction method and reduced-order
model is proposed in [29]. In [30], the second-order
aggregate model is used to simulate a population of
heating, ventilation, and air-conditioning (HVAC)
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systems and a novel method for incorporating min-
imum dwell time is proposed. Specifically, Zhang
et al. define a state which represents the number
of off TCLs that are “locked” and will not turn on
in response to the central control signal. Thus, the
individual TCLs are able to locally enforce dwell
times and the aggregator is able to adjust the con-
trol signal to account for locked TCLs.

A significant body of research has grown out
of the above literature in response to open chal-
lenges around aggregate model efficacy and effi-
ciency, modeling and control framework limitations,
and unaddressed system constraints. In [31], Moura
et al. develop a diffusion-advection partial differen-
tial equation (PDE) model and a parameter iden-
tification scheme for an aggregated population of
heterogeneous TCLs, alleviating the need for prior
knowledge of TCL parameters. In [32], Ghaffari
et al. develop a deterministic hybrid PDE-based
model capable of representing a heterogeneous TCL
population and apply a uniform dead-band shifting
strategy for control. In [33], Vrettos and Anderson
research the aggregation of TCLs to simultaneously
provide frequency and voltage regulation services,
recognizing that solving these problems separately
can produce suboptimal solutions. Tacovella et al.
introduce the use of tracer TCLs in [34]. These vir-
tual tracer devices represent the state density distri-
bution of a cluster of heterogeneous TCLs. The ap-
proach enables the use of reduced-order aggregate
models with control achieved via a single broad-
casted signal.

In [35] and [36], Mathieu et al. build upon pre-
vious work in [14][26] to employ a state bin model-
ing framework with a “non-disruptive” approach in
which the TCL’s temperature is maintained within
the existing dead-band. Hao et al. also consider
a non-disruptive approach in [37] using a battery
model of the TCL population and a priority stack
strategy to determine which TCLs to control at a
given time step.

1.8.8. Decentralized TCL Control for Frequency
Services

Recognizing that system frequency is a univer-
sally available indicator of supply-demand imbal-
ance, a number of researchers have developed fully
decentralized techniques for performing frequency
services with TCLs. In [38], Short et al. show the
suitability of TCLs to perform frequency services
using system frequency as a control signal and the
potential for a population of TCLs to respond to
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a sudden loss of generation. This demand response
capability reduces the dependence of grid operators
on rapidly deployable backup generation.

In [2], Xu et al. develop a TCL model in which
devices adjust their setpoints linearly according
to the system frequency, allowing the population
to act as a fast frequency controlled reserve. To
address problems of long-term instability, Angeli
and Kountouriotis develop a decentralized stochas-
tic controller in [39] that is capable of maintaining
desynchronization among the TCLs while regulat-
ing overall power consumption. In [40], Tindemans
et al. present a stochastic controller whereby each
TCL in the population independently targets a ref-
erence power profile. The result is a stable and fully
decentralized system that requires only the locally
available control signals of frequency and time.

1.4. A Distributed Approach

There are a number of advantages to the mod-
eling and control approaches described above.
Firstly, the aggregated models are based upon lin-
ear representations of TCL dynamics. This makes
the aggregated models well suited for a variety
of established control and optimization techniques.
Moreover, these models are good at prediction and
control over small time scales (i.e. seconds and mil-
liseconds), making them ideal for producing fast
short-term responses (e.g. frequency regulation)
[26][35].

A limitation of these aggregate models is low
model fidelity and the inability to incorporate de-
vice specific dynamics. Note the literature is rich
with techniques for multi-state thermal modeling of
heating, ventilation, and air-conditioning (HVAC)
systems in buildings including solar gain estimation
and multi-zone state estimation [41][42][43][44][45].
Because aggregate models are not amenable to the
incorporation of device specific, nonlinear, or non-
parametric models, they are incapable of leveraging
the work of these and other researchers. At larger
time scales (i.e. minutes and hours), higher model
fidelity becomes very important for the accurate
forecasting of TCL power demand. By employing
basic linear models, particularly when modeling the
complex dynamics of HVAC systems in buildings,
aggregated TCL modeling approaches are poorly
suited for producing accurate long-term responses
(e.g. load-shifting) [42][43][44]. Hao et al. [37], for
example, derive a “generalized battery model” to
predict aggregate TCL flexibility. Even with a sim-
ple single-state TCL model, summing the set of flex-
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ible trajectories involves an arduous Minkowski sum
that they approximate through bounding sets. Re-
cent work by Tindemans et. al. pursues a stochas-
tic single TCL model that can be distributed [40].
However, this model is mathematically formulated
as a partial differential equation that fundamentally
relies on a single state to represent temperature. In
this manuscript, we pursue a method extendible to
the multi-state models that characterize data col-
lected from real-world TCLs [42][43][44].

An additional limitation of linear models is that
they permit the TCLs to short-cycle. Short-cycling
is a behavior in which a TCL turns on and/or off
for a short amount of time. This behavior is pro-
duced by linear controllers and optimization tech-
niques when it is optimal for the temperature to
oscillate around a point, such as the edge of the
dead-band or the temperature setpoint. Over time,
this short-cycling will reduce the efficiency and op-
erational life of the hardware within a TCL. Efforts
to prevent short-cycling, such as preferential bin-
ning, priority/preferential switching, and lockout
estimation, are made in [35][36][30][37]. However,
the preferential techniques employed in [35][36] can-
not guaranteed the prevention of short cycling and
the lockout estimation in [30][37] requires central-
ized knowledge of the minimum dwell times of every
agent in the population.

A key advantage of decentralized TCL control
methods is the reduced or eliminated need for com-
munication infrastructure. However, by relying on
system frequency as the control signal, applications
are limited to frequency regulation and real-time
load shaping. To produce long-term responses (e.g.
load-shifting), it is necessary for a grid entity to de-
fine the service objective, to forecast network states,
and to coordinate or otherwise control the TCL
population to meet the objective. Thus, the control
paradigm shifts from decentralized to centralized or
distributed control.

To control a TCL population to produce long-
term responses in a manner that is agnostic of the
individual TCL models (e.g. device specific, non-
linear, nonparametric) and that enables the incor-
poration of locally defined constraints (e.g. short-
cycling), this manuscript presents a novel TCL
modeling technique and distributed control ap-
proach. This work diverges from the above liter-
ature in the following respects:

e This paper presents a distributed control
scheme with a centralized aggregator via
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ADMM. Related distributed control schemes
use consensus coordination [46], distributed
model predictive control [47][48], iterative load
profile aggregation [49], multi-agent systems
[6], and game-theory [8][50].

In this paper, all TCL parameters, objectives,
and constraints remain private. FEach TCL
is simulated locally and independently of the
population. The only information that a TCL
communicates with the central aggregator is
its predicted power trajectory. Therefore, if
necessary, TCL parameter identification can be
performed locally [51].

We do not employ an aggregate model of the
TCL population. Thus, rather than modeling
the entire population, the central aggregator
is only responsible for updating an incentive
variable that drives the population towards a
desired behavior.

There is no requirement that each TCL in the
population employs the same model structure
or local control scheme. The only requirement
is that the TCL is able to produce predictions
of its power demand under multiple alterna-
tive control scenarios. While we employ a hy-
brid state TCL model in this manuscript, this
is not restrictive and the distributed optimiza-
tion technique is compatible with a variety of
different TCL modeling approaches.

We do not use continuous setpoint control.
In this paper, all temperature setpoint offsets
are integer valued and therefore easily imple-
mentable.

Individual TCLs are not required to partici-
pate at every time step. Because the TCL
population is not centrally modeled, the dis-
tributed scheme is robust to an arbitrarily
large loss or acquisition of agents.

Our proposed modeling and control approach
is capable of honoring non-convex constraints,
such as minimum dwell time - a critically
important practical constraint that eliminates
compressor short-cycling.

Our proposed modeling and control approach
is directly extendible to multi-state and nonlin-
ear TCL models that characterize many TCLs
in practice, as shown by the system identifica-
tion studies in [42][43][44].
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For the distributed optimization of a TCL pop-
ulation, we present a variant of the alternating di-
rection method of multipliers (ADMM) algorithm
known as sharing ADMM [52]. Due to its par-
allelizability and convergence characteristics, the
sharing ADMM algorithm is generally applicable
to the minimization of distributed agents. Further-
more, past research on the application of ADMM to
the balancing of generators, fixed loads, deferrable
loads, and storage devices has demonstrated the
suitability of ADMM to efficiently solve large con-
vex optimization problems in parallel [53]. In this
paper, we develop a formulation of the ADMM al-
gorithm to enable a TCL population to perform
5-minute power generation following. Under our
proposed control scheme, each TCL optimizes its
behavior according to both a private objective func-
tion (which primarily enforces feasibility) and a
shared objective function (which follows a genera-
tion signal). Optimization is achieved by iteratively
updating a shared incentive variable, which is cal-
culated and broadcast by a central aggregator, until
the population converges to a feasible solution.

1.5. Paper Outline

This paper is organized as follows. Section 2 dis-
cusses the TCL model and the alternative control
trajectory representation. Section 3 overviews the
sharing ADMM algorithm. Section 4 formulates
sharing ADMM for distributed TCL control. Sec-
tion 5 provides numerical examples of our proposed
algorithms and highlights its applicability to highly
heterogeneous populations. Finally, Section 6 sum-
marizes key results. Nomenclatures and notation
used in this paper are defined in the Appendix.

2. TCL Model and Optimization

2.1. Hybrid State Model

Each TCL is modeled using the hybrid state dis-
crete time model [15][16][18]

T = 0,7 + (1 — 61)(T2 + 6am™) + 03
1 T < Ty — 4 (1)

if T+ > Tyop + 2

otherwise

m"tt =<0

mn

where state variables 7" € R and m™ € {0,1} de-
note the temperature of the conditioned mass and
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the discrete state (on or off) of the mechanical sys-
tem, respectively. Additionally, n = 1,2,...,V;
denotes the integer-valued time step, T2 € R the
ambient temperature (°C), Tt € R the temper-
ature setpoint (°C), and 6 € R the temperature
dead-band width (°C).

In this paper, we define the time elapsed between
each time step as h = 1/60 (hours). The parame-
ter 0, represents the thermal characteristics of the
conditioned mass as defined by 6; = exp(—h/RC)
where C is the thermal capacitance (kWh/°C) and
R is the thermal resistance (°C/kW), 6, the energy
transfer to or from the mass due to the systems
operation as defined by #; = RP where P is the
rate of energy transfer (kW), and 65 is an additive
process noise accounting for energy gain or loss not
directly modeled. We assume that €3 is normally
distributed with variance ho? (bulk units of °C?).
In this paper, we assume a noise standard deviation
o of 0.01°C/y/sec or 0.6°C/v/hr [13].

The power demand of a TCL at each time step
is defined by

Pl
~copr™ @
where p™ € R is the electric power demand (kW)
and COP the coefficient of performance.

The sign conventions in (1) assume that the TCL
is providing a heating load and that P (and thus
) is positive. Therefore, we expand the m-update
statement to account for both heating and cool-
ing loads. Additionally, in this paper, the optimal
control of each TCL is based on setpoint manipu-
lation. In other words, at each time step n, a TCL
will either enforce Ti.; or move the setpoint by u™.
While we define u™ such that the setpoint may be
adjusted at each time step, in practice, we employ
a single adjustment over multiple consecutive time
steps. The TCL model can now be expressed as

T

T =0, 7™ 4 (1 — 01) (T2 + Oam™) + 63
1 if 5 > 0 and
Tl < Ty — % + un
0 if 3 > 0 and
T > Toer + § +u
if /5 < 0 and
T > Ty + § +um
0 if 65 < 0 and
T < Ty — § +u”
otherwise

(3)

n+1 __
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where u™ € R is the setpoint change at time step
n. While 4™ may, by definition, take on any value
in R, in this paper we will only consider integer
changes to the temperature setpoint (i.e. u™ € Z).

As noted in [15][18], the discrete time model im-
plicitly assumes that all changes in mechanical state
occur on the time steps of the simulation. In this
paper, we will assume that this behavior reflects
the programming of the systems being modeled. In
other words, we will assume that the TCLs have a
thermostat sampling frequency of 1/h Hz or once
per minute.

Finally, in this paper, we will emphasize hetero-
geneous TCLs populations and thus vary R, C, P,
and COP for each agent in the population, as dis-
cussed in Section 4. Because R, C, and P define
the thermal mass and rate of heat transfer, the pa-
rameters govern the system dynamics. The COP
parameter does not impact the system dynamics
but rather scales the magnitude of the electricity
power demand.

2.2. Alternative Control Trajectory Representation

In this section, we consider the optimization of a
TCL represented by the hybrid state model above.
While the model presents an intuitive representa-
tion of a dead-band control system, the discrete
and piece-wise nature of the m-update statement
poses a numerical challenge for optimal control. In
particular, if the TCL’s temperature is near the set-
point (i.e. away from the upper and lower bound),
then the mechanical state m™*! is dependent upon
the previous state m”.

This dependency, as well as the binary on/off
state, makes the system combinatorial and there-
fore non-convex.  There are optimization ap-
proaches, such as dynamic programming and ge-
netic algorithms, that are well suited for solving
such a non-convex problem to identify an optimal
control strategy. However, these approaches are
poorly suited for distributed optimization problems
because the number of optimization variables is in-
tractable for real-time control.

Therefore, we introduce a novel approach for
representing the control of non-linear systems in
a manner suitable for linear/convex programming.
Put simply, we simulate the system under mul-
tiple feasible alternative control inputs in order
to generate a discrete set of output trajectories.
These alternative control trajectories can be in-
corporated into a convex program as a linear con-
straint, thereby enforcing feasibility.
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To begin, we define N, alternative control inputs
for IV; time steps

1 2 Nt)

u; = (uj,uj,. .., u; )

Vji=1,...,N,

with variable u; € RM and uj € Sy, for n =
1,..., Ny, where S, C Z is the constraint set of fea-
sible/allowed setpoint changes. Note that the num-
ber of alternative control inputs and the method for
generating each u; will depend on the application
(see Section 4.1 for the method used in this paper).
Next, for each control input u;, we simulate the
TCL model defined in (3) while imposing any ad-
ditional physical, mechanical, or numerical con-
straints, such as a minimal dwell time. Given the
simulation results, we generate N, feasible alterna-
tive trajectories as defined by the state variables T'
and m. Since the power demand p” is linearly re-
lated to the mechanical state m™, we can also define
the set of alternative power demand trajectories.

T, = (T7,T3,..., T
Ni+1
mj:(m?,m?,...7mj"+ ) (5)
pi=(03,p5,....p" ")
Vji=1,...,N,

The input and output variables can be expressed
compactly as

U = (uy,u2,...,un,)
T=(T),Ts,...,Tn,) (©)
M = (mi,ma,...,mn,)

P = (pl,pz,-u,pNa)

with variables U, T, M, and P representing the
set of all u;, T}, m;, and p; sets for j = 1,..., N,.
Naturally, we can also view U, T, M, and P as ma-
trices € RMe*Nt guch that the rows represent the
alternative trajectories and the columns represent
the time step n. It should be noted that the func-
tion defined by (3) is not one-to-one (i.e. a function
f such that f(u;) = m; is not injective). In other
words, the distinctness of u; does not guarantee
the distinctness of T}, m;, and p;. Thus, for com-
putational efficiency, if T3, m;, or p; are equal to
any previously generated output for j = 2,..., N,
then each set u;, T;, m;, and p; should be excluded
from U, T, M, and P. We define the number of
distinct alternative control trajectories as N4 such
that Ny € {1,...,Ng}.
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Figure 1: Examples of alternative temperature ¢t; and power
p1 trajectories given input uj
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Figure 2: Examples of alternative temperature t2 and power
p2 trajectories given input ug
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Figure 3: Examples of alternative temperature t3 and power
p3 trajectories given input us

Figures 1, 2, and 3 illustrate an example of a TCL
(specifically, a refrigerator) with N, = 3 alternative
trajectories. In the example, each alternative input
u; for j = 1,2,3 is € {0,—1,1}*°. For trajectory
j=1 u} =0forn =1,...,20. For trajectory
j=2,uy =0forn=1,...,10 and vy = —1 for
n = 11,...,20. For trajectory j = 3, uy = 0 for
n=1,...,10 and u§ =1 for n =11,...,20.

The TCL has been simulated using (3) with a
default setpoint Ty of 2.5°C, a dead-band width ¢
of 2°C, an initial temperature 7" of 3.3°C, and an
initial mechanical state m' of 0. Figures 1, 2, and
3 present the T; and p; trajectories corresponding
to each input u; for j = 1,2,3. The mechanical
state trajectories m; can be inferred from the T}
and p; trajectories. As illustrated by the figures,
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each distinct input u; produces a distinct T}, m;,
and p;. Therefore, in this example, Ng = N, = 3.

In summary, we have produced a representation
of the system’s dynamics under multiple alternative
control trajectories. This representation can be in-
corporated into a convex program, as described in
the next section. To the authors’ knowledge, this
is the first paper to introduce such an approach.
While we have developed the method with the in-
tention of enforcing non-linear system constraints in
TCLs (such as minimum compressor on/off dwell
times), we have found that the approach is well
suited for the aggregated control of energy systems
in general. By abstracting the system inputs, dy-
namics, and constraints into the U and P matri-
ces, we can also model the aggregated optimization
of heterogeneous energy systems such as residential
solar panels, battery storage, and electrified vehi-
cles.

2.3. Convex Optimization

In this section, we detail how the alternative con-
trol trajectory representation described above can
be introduced into a convex program. To begin, we
will introduce a variable w € {0,1}"¢ such that

1 if trajectory j is selected
w; =
’ 0 otherwise
Vi=1,...,Ng

(7)

Thus, if j = 1 is the selected trajectory (i.e. wy = 1)

UTw =
T 'w =T
MTw =my
Plw=p,

The integer program below demonstrates how P,
T, and w can be introduced to solve for the optimal
trajectory

minimize F(PTw) + G(TTw)
w
subject to Y w; =1 (8)
w € {0, 1}N¢
where FF' : RM — (—o00,00] and G : RN —
(—o0, 00| are closed convex functions. Function F
represents the utility of a power demand trajec-

tory. This could be a cost function for electricity,
a penalty function for deviating from a predefined
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profile, or a regularization function that flattens the
power demand. Function G represents the utility of
a temperature trajectory. For heating and air con-
ditioning systems, G could represent the thermal
comfort/discomfort of occupants. For TCLs like
refrigerators or water heaters, G could quantify the
willingness of a customer to allow deviations from
the setpoint.

The above program is an example of the gener-
alized assignment problem (GAP). If feasible, the
integer program (8) guarantees that only one com-
ponent of minimizer w* is non-zero. However, be-
cause the integer program (8) is combinatorial and
potentially intractable for large scale problems, it is
unsuitable for many applications. In particular, dis-
tributed convex optimization methods require lin-
earity or convexity in the agents [52]. By relaxing
the binary constraint such that & € R4, we can
express the convex program as

minimize F(PTw) + G(T )

subject to > w; =1
w >0
W e RN

(9)

Due to the linear constraints, minimizer wj €
[0,1] for j =1,..., Ny and in practice, can be inter-
preted as the probability of selecting control trajec-
tory j. In other words, we allow the convex program
to form linear combinations of the alternative con-
trol trajectories. Once the program has converged
to an optimal solution, we implement a single tra-
jectory based on the discrete probability distribu-
tion w*. Expressed mathematically, we can gen-
erate a discrete random variable X € {1,..., N4}
such that @} = Pr(X = j) for j = 1,..., Ng. The
value of X represents the index of the probabilisti-
cally selected control trajectory. Thus, we can de-
fine a variable w € {0, 1}"¢, representing the prob-
abilistic solution of (9), as

oo f1itx =g
7710 otherwise (10)
Vi=1,...,Ny

To reiterate, the optimal solution to (8) is phys-
ically realizable (i.e. only one component of w* is
non-zero) but not solvable using convex optimiza-
tion. By contrast, (9) is convex but the optimal
solution is not realizable (i.e. all components of w*
may be non-zero). Using (10), we can transform
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w* into w, which is realizable (i.e. only one com-
ponent of @ is non-zero). Additionally, w* and w*
are guaranteed to be optimal solutions to (8) and
(9), respectively. However, @ may be an optimal or
sub-optimal solution to both (8) and (9).

It should be noted that w* is only optimal with
respect to the N, alternative control trajectories as
represented by U, T, M, and P. If U, T, M, and P
define the set of all feasible trajectories which sat-
isfy the constraints of the system, then w* is glob-
ally optimal. Otherwise, if U, T, M, and P define
a subset of the feasible trajectories, then there is no
guarantee of global optimality.

0.3
=02
Z
% 0.1
0.0 DU
0 5 10 15 20
Minutes

Figure 4: Example Solution to Convex Program

By way of example, we again refer to the alterna-
tive trajectories illustrated by Figures 1, 2, and 3. If
we assemble the trajectories into the T and P ma-
trices and solve (8), we might produce the solution
w* = (1,0,0). In other words, the program selects
trajectory j = 1. If we solve (9), we might produce
the solution @w* = (0.8,0.15,0.05). In this case, the
program selects a linear combination of the 3 tra-
jectories. The resulting power demand trajectory
x = PTw* is illustrated in Figure 4. Finally, if we
apply (10), there are 3 possible outcomes for w,

Pr(@ = (1,0,0)) = 80%
Pr(w = (0,1,0)) = 15%
Pr(é = (0,0,1)) = 5%

Throughout this paper, we refer to the optimal
power demand profile (p = PTw) produced by (8)
as the discrete solution (w* € {0,1}V4), by (9) as
the continuous solution (1* € RM), and by (9) and
(10) as the probabilistic solution (w € {0,1}V4).

3. Alternating Direction
Method of Multipliers

In this section, we briefly cover the alternating
direction method of multipliers (ADMM) algorithm
for convex optimization. We refer the reader to
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9

[52][54] for a more complete description of the al-
gorithm. Next, we discuss a special case of block
separable problems referred to as sharing ADMM
[52]. We derive a formulation of the sharing ADMM
algorithm suitable for the distributed optimization
of TCLs and present primal and dual residual equa-
tions and stopping criteria not found in [52].

3.1. ADMM

The alternating direction method of multipliers is
a common splitting method for solving problems of
the form

minimize  f(x) + g(2) ()
subject to Az + Bz =c
with variables z € R™ and z € R, where

f: RN — (—o0,00] and g : RY= — (—o00, ]
are closed convex functions, A € RNeXNs and
B € RNexN= are linear operators, and ¢ € RNe
is a vector. ADMM is a variant of the augmented
Lagrangian approach which uses partial updates of
the dual variables at each iteration. The algorithm
optimizes the coupled problem (11) by solving the
uncoupled unscaled steps

2" = argmin f(z) + (\F, Az) (12a)
xT
+ gHA:c + BzF — ||
A1 = argmin g(2) + (\*, B2) (12b)
z
+ LlAet 4 Bz — |
MAHL = AR oAk 4 B2 ) (12¢)

where variable A € R™¢ is the dual variable, con-
stant p > 0 is the augmented Lagrangian parame-
ter, also referred to as the penalty parameter, and
k is the integer valued iteration of the ADMM al-
gorithm.

The necessary and sufficient optimality condi-
tions for the ADMM problem (12) are given by the
primal feasibility,

Az*+ Bz —¢c=0 (13)
and dual feasibility,

0=Vf(z*)+ AT\ (14)

0=Vg(z*)+ BT\ (15)

assuming f and g are differentiable.
The convergence of (12) can be summarized by
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e Objective Convergence: f(z*)+g(z*) — J* as
k — oo where J* denotes the optimal value of

(11)

e Primal Residual Convergence: Residual r¥ —
0 as k — oo where 7% = Az* + B2F — ¢

e Dual Variable Convergence: Variable \¥ — \*
as k — oo

We refer the reader to [52][54] for a discussion
of the augmented Lagrangian, scaled form, primal
and dual residuals, and convergence rates.

3.2. Sharing ADMM

In this paper, we consider an ADMM-based
method for solving the generic sharing problem us-
ing distributed optimization, as presented in [52].
In this section, we demonstrate how the sharing
problem can be represented as a special case of (11)
where f and A have a separable structure that we
can exploit. The method is well suited for solving
problems of the form

minimize . fi(x;) + 9> x;)
with variables z; € FZN =, the decision variable of
agent ¢ for ¢ = 1,..., N, where F; represents the
convex constraint set of agent 7, N the number of
agents in the network, N, is the length of z;, f; is
the cost function for agent i, and ¢ is the shared
objective function of the network. The function g
takes as input the sum of the individual agent’s de-
cision variables, x;. The sharing problem allows
each agent in the network to minimize its individ-
ual/private cost f;(z;) as well as the shared objec-
tive g(>_ x;).

By introducing variable z; € R™*, a term that
copies the z; decision variable of each agent, the
sharing problem can be written in an ADMM-
compatible form

(16)

> filwi) + 932 zi)

2i=0,i=1,...,N

minimize
! (17)
subject to x; —

with variables x; € FfVT7 zi € RN+, Sz, € GNe
for i = 1,..., N where GM= represents the convex
constraint set of the shared objective. Therefore,
the unscaled form of sharing ADMM is
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2P = argmin f;(x;) (18a)
i
+ (A @)+ Clles - 2F3
A1 = argmin g(3 2;) (18b)
+ T (O, =)+ Sl = )
I (150)

with variable z = (z1,...,2x) and augmented La-
grangian parameter p > 0. Unlike (12), where there
is a single globally defined dual variable A, in (18),
each agent has its own ;. Thus, the x;-update
and \;-update steps can be executed by each agent
i =1,..., N independently and in parallel. The z-
update step is executed by a collector or aggregator
with knowledge of each agent’s decision variable x;.

3.8. Sharing ADMM Residuals

Next, we define the sharing ADMM residuals.
The necessary and sufficient optimality conditions
for the sharing ADMM algorithm and derivation of
the residuals are presented in the Appendix. The
primal residual is defined as

T;H—l — xf?-l-l _ Zéit-‘rl (19)
and the dual residual as
SEHL = p(oEH k) (20)

3.4. Stopping Criteria

We define the stopping criteria as presented in
[52] by

||TkH2 S Eprimal and ||5kH2 S 6dual (21)
where ¥ = (r¥ ... rk), & = (sF,...,sK), and

ePrimal > () and edve! > () are feasibility tolerances
for the primal and dual conditions (44) and (45).
In this paper, we set ePrmal = gdual — 1,

3.5. Averaged Sharing ADMM

As written, the sharing ADMM algorithm (18)
requires the local calculation of a zF, A\F and rF
term for each agent ¢ = 1,..., N in the network.
Next, we will simplify the algorithm by introduc-
ing global variables z¥, z¥, and A* representing the
arithmetic mean of all =¥, 2, and AF, respectively.
The unscaled form of the averaged sharing ADMM
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algorithm is given below. The derivation of the av-
eraged sharing ADMM algorithm is presented in
the Appendix.

¥ = argmin f;(x;) + O\, 2;) (22a)
+ Ll — af + 25 — 23
2" = argmin g(Nz) + (\F, - Nz) (22b)
N
+ Sl =
Nt — 3k p(:fkﬂ _ 2k+1) (22¢)

With this averaged sharing ADMM form, the in-
dividual agents no longer update their own \; vari-
able. Instead, a single aggregator updates A, along
with  and z, and reports these global variables to
every agent in the network. We refer the reader
to [52][54] for a further discussion of the averaged
sharing ADMM algorithm and convergence charac-
teristics.

3.6. Averaged Sharing ADMM Residuals

In order to apply the stopping criteria (21), we
must redefine the primal and dual residuals for
the averaged form. The derivation of the averaged
residuals is presented in the Appendix. The aver-
aged primal residual is defined as

it = gkt g (23)
and the averaged dual residual as
S = (a1 o)
— (@~ ab) (24)

o (2k+1 _ Zk‘))

The corresponding £o-norms of the stopping criteria
are therefore

[7¥]]2 = N|z* — 2%

(25)
Is"ll2 = 311512

4. Distributed TCL Optimization For
Generation Following

In this section, we describe the application of the
sharing ADMM algorithm to the distributed opti-
mization of TCLs with the objective of providing
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5-minute ahead generation following ancillary ser-
vices. Specifically, we define the optimization pro-
gram for the individual TCLs and the aggregator.
Then, we describe the sharing ADMM algorithm
for the TCL population. Finally, we detail the in-
frastructure required for communication, computa-
tion, and control as well as the execution of the
ADMM-based control method. Results from mul-
tiple studies are described in the next section. Our
formulation is based on the following assumptions:

e Each TCL is capable of (i) manipulating its
setpoint by a discrete/integer amount, (ii) ac-
curately monitoring and forecasting its power
demand, (iii) solving convex programs, and
(iv) communicating with a central aggregator
(representing a load-serving entity such as an
electric utility).

e The consumer is indifferent to the relative en-
ergy costs of the alternative control trajecto-
ries. In other words, either the consumer does
not pay for energy used by the TCL or the
compensation for participating in the demand
response program is such that the change in
energy cost is negligible. This does not imply
that each alternative trajectory is of equal util-

ity.

e At each ADMM iteration and time step, a
TCL’s decision variable and selected power de-
mand trajectory is shared with only the aggre-
gator. The TCL’s characteristics and decision
making, including the P matrix, remain pri-
vate to that TCL.

4.1. TCL Optimization

In this paper, we consider four types of ther-
mostatically controlled loads: refrigerators, electric
water heaters, heat pumps, and electric baseboard
heaters. Each TCL is simulated using model (3)
with published parameter ranges, given in Table 1
and adopted from [14]. To generate a population,
parameters are randomly drawn from a uniform dis-
tribution between the maximum and minimum val-
ues shown in the table. For heat pumps and base-
board heaters, the C' parameter is multiplied by
the number of zones, an integer randomly drawn
from the range given. Additionally, for the ambient
temperature 77 of the heat pumps and baseboard
heaters, we utilize weather data for Berkeley, Cal-
ifornia from the morning of 3/19/2015, shown in
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Figure 5: Ambient Temperature Data for Berkeley, CA, on
the Morning of 3/19/2015

Figure 5 [55]. The electric power demand of the
TCL at each time step is given by (2).

TCL control takes the form of setpoint manipula-
tion. Rather than considering the full set of feasible
control inputs, we only consider a small subset of
the feasible set. Specifically, we define N, = 3 con-
trol inputs for each TCL in a population. The first
control input applies no change to the temperature
setpoint and corresponds to the default or normal
operation of the TCL. The second input applies a
setpoint change that will cause the system to turn
on or stay on and is therefore expected to increase
the average power demand of the TCL relative to
normal operation. Conversely, the third input ap-
plies a setpoint change that will cause the system
to turn off or stay off and is expected to decrease
the average power demand of the TCL relative to
normal operation.

To generate these control inputs, we define a dis-
crete set of feasible/allowed setpoint changes, rep-
resented by S,. Though we simulate the TCLs
using a one minute time scale (b = 1/60 hours),
we apply all setpoint changes over 5 consecutive
time steps (V; = 5). Thus, for a refrigerator with
Su = {0’ -2, 1}7

Uy = (0,0,0,0,0)
U = (_27 _27 _27 _27 _2)
us = (1,1,1,1,1)

Therefore, the refrigerator has a maximum of
N, = 3 alternative control trajectories. As stated
previously, each distinct input u; is not guaran-
teed to produce a distinct output 7}, m;, or pj.
For a given TCL, the number of distinct alterna-
tive control trajectories, Ny, is in the discrete set
{1,...,Ng}.

The zero input u; represents the default TCL in-
put and is always first in the set of alternative con-
trol trajectories. If Ny = 1, we describe the TCL
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as fixed or inflexible. In other words, the TCL is
at a point in its cycle such that setpoint manipu-
lation does not impact the temperature trajectory.
If Ny = 2 and the mean of ps is greater than the
mean of p;, then the TCL is only capable of in-
creasing demand; if Ny = 2 and the mean of py is
less than or equal to the mean of py, then the TCL
is only capable of decreasing demand. If N; = 3,
then the TCL is flexible and capable of increasing
or decreasing demand. This classification is used to
interpret results in Section 5.

Using the alternative control trajectory represen-
tation, we can simulate a TCL using U and (3) to
output T, M, and P matrices such that U, T, M,
and P € RY+*Nt, Now, the individual TCL’s op-
timization problem can be defined as a constrained
least-squares fit.

minimize o || T7 @ — Tyt |3
w

subject to > w; =1 (26)

w>0

with variables T € RNe*Nt representing the set
of distinct temperature trajectories, @ € RN¢, rep-
resenting the optimal linear combination of trajec-
tories and/or the discrete probability distribution
of selecting control trajectory j for j = 1,..., Ny,
Teer € RYt the TCL’s temperature setpoint, N; the
number of time steps simulated, N the number of
control trajectories, and «a, a weighting term for
the TCL’s objective. As previously described, the
continuous solution for the power demand profile is
determined by z* = PTw*. Given @* and (10), we
denote the probabilistic solution as p = PTw. Be-
cause @ € {0,1}V¢, j is in the feasible set of power
trajectories defined by P. As previously stated, w*
and x* are guaranteed to be optimal, but @ and p
may be sub-optimal.

It should be noted that the TCLs could be sim-
ulated and controlled with time steps of less than
one minute without impacting the computational
requirements of the distributed optimization algo-
rithm. For example, we could simulate a TCL with
a time scale of one second. To produce the alter-
native temperature and power trajectories required
for the optimization, we would use the minute-wise
averages of the simulated temperature and power
demand of the TCL. In this way, the time scale
used for optimization is uniform over the popula-
tion while the time scale used for simulation and
control is determined by the individual TCLs.
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Parameter Refrigerator | Water Heater | Heat Pump | Baseboard Heater
Thermal resistance, R (°C/kW) [80, 100] [100, 140] [1.5, 2.5] [1.5, 2.5]
Thermal capacitance, C' (kWh/°C) | [0.4, 0.8] [0.2, 0.6] [0.15, 0.25] [0.15, 0.25]
Energy transfer rate, P (kW) [-1, -0.2] [4, 5] (14, 25.2] [0.5, 1.5]
Coefficient of performance, COP 2 1 3.5 1
Temperature setpoint, Tse; (°C) [1.7, 3.3] [43, 54] [15, 24] [15, 24]
Dead-band width, § (°C) 1, 2] 2, 4] [0.25, 1] [0.25, 1]
Ambient temperature, T, (°C) 20 20 variable variable
Number of zones 1 1 [5,10] [1,2]
Number of trajectories, N, 3 3 3 3
Allowed setpoint changes, S, (°C) | {0, -2, 1} {0, 5, -5} {0, 1, -2} {0, 1, -2}
Table 1: TCL parameter ranges adopted from [14]
4.2. Aggregator Objective - 60()"‘\/J\VJ_ Solar — Wind
In this paper, the aggregator, representing a load- §§40(1
serving entity, will influence the behavior of the (55‘“200
TCLs so as to perform 5-minute power generation 0
following. To demonstrate this potential, we con- g 800 |_ Total — Smooth
sider 5 minute ahead forecasts of wind and solar §§6OO
generation retrieved from the California Indepen- %%
dent System Operator (ISO) [56]. Figure 6 presents s
the wind and solar power generation for the morn- s 38
ing of 3/19/2015. The center plot shows a smooth S 2
polynomial fit of the total renewable generation. 5728
The error between the actual generation and the 40
smooth fit will serve as our exemplary 5-minute gen- 768:00 200 400 600 800 1000  12:00

eration following signal in this paper, shown in the
bottom plot.

Ideally, 5-minute generation following is a zero
net energy service. Accordingly, the mean of the
control signal is 1.229 x 10~7 MW. Considering that
the signal is on the order of 10 MW and that TCLs
are on the order of 1 kW loads, in this paper, we
will utilize the TCLs to respond to 1% of the signal
shown in Figure 6. Additionally, we are simulating
the TCL’s using a one minute time scale but the
signal is on a five minute time scale. Thus, we will
treat the signal as a piecewise constant function.
It is possible to interpolate between the current
and previous control signal to produce a smooth or
piecewise linear signal. Nonetheless, we are electing
to use a piecewise constant interpretation.

To perform generation following, the aggrega-
tor’s objective function can be defined as an un-

928

929
930
931
932
933
934
935

936
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Figure 6: California ISO Wind and Solar Generation 5-Min
Forecasts for 3/19/2015 (Top), Smooth Polynomial Fit of
Total Generation (Center), and exemplary 5-minute Gener-
ation Following Signal (Bottom)

constrained least-squares fit.

minimize o[> z; — d||2

(27)

with variables d € R™¢, the aggregator’s desired
power demand given the generation following signal
y € RVt and z; € R, the power demand of TCL
ifori=1,...,N, where N represents the number
of TCLs in the network and N; = 5 is the number
of time steps in d and z;. Lastly, a, is a weighting
term for the aggregator’s objective.

We calculate the desired power demand d by
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adding the current generation following signal y
to the power demand of the population in the
previous time step (i.e. d® = >, p/ ' + y" for
n =1,...,N¢). Since the value of the signal only
changes once every 5 minutes, we optimize the ag-
gregated power demand over a horizon of Ny = 5
time steps and thus,

g IRy =1
dn—1 otherwise (28)
Vn= 1, ey Nt

4.83. TCL Sharing ADMM

Given the TCL and aggregator optimization pro-
grams (26) and (27), we can now define the sharing
ADMM algorithm for power generation following
using a population of TCLs.

UA)erl = arg{nin aLi”TzTUA)i - Tset,i”% (29a)
+ (NPT + LIPTw; —af 4+ 73
s.to Y wj=1, w>0
ot = Pl (29b)
Zhtl = argmin o [|[Nz — d|IZ 4+ (\*, —Nz) (29¢)
N
L R
FRHL = ghtl _ gkt (29d)
AL = NF 4 p(FF ) (29e)
In our implementation, the ADMM algorithm is

run once every 5 minutes to determine the optimal
power demand of the TCL population over the next
5 minutes at a 1 minute time scale. For simplicity,
we report the power demand of the TCLs as a 5
minute average. For fixed TCLs (i.e. Ng = 1), the
power demand profile is reported to the aggregator
before the first ADMM iteration. The N and d pa-
rameters are adjusted accordingly and the ADMM
algorithm run on the remaining population.

4.4. Generation Following Algorithm, Distributed
Network Structure, and Communication

To achieve distributed control of a TCL popu-
lation, we assume a certain amount of existing in-
frastructure for communication, computation, and
control. Our assumptions are comparable to those
made in [33][36][48] and include:
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e Bi-directional communication between the in-
dividual TCLs and the aggregator via wired or
wireless links.

e Sufficient local computation and hardware for
solving convex programs and measuring TCL
states.

e A local TCL model whose parameters are ei-
ther known a priori or identified using a pa-
rameter estimation technique [44][45][51].

/Thermostatically Controlled Loah

ADMM
Optimization

"
Ty

Simulate Interpret

N /

Figure 7: TCL Model and Optimization Structure. Each
TCL 4 in the population will simulate its dynamics to pro-
duce the alternative control trajectories, coordinate with an
aggregator using the ADMM algorithm to produce a contin-
uous solution, and finally interpret the discrete probability
distribution to produce a probabilistic solution.

In this manuscript, we assume a simple net-
work structure with bi-directional communication
between the aggregator and each TCL. The inputs
required by our ADMM algorithm are presented in
Table 2 and the outputs of the optimization in Ta-
ble 3. The internal ADMM variables are listed in
Table 4 and the parameters in Table 5.

The execution of the generation following algo-
rithm can be summarized by the follow 4 steps:

1. Aggregator Preparation: Every 5 minutes, the
aggregator receives the signal y and produces
the desired power profile d.

2. TCL Simulation: Each TCL ¢ in the popula-
tion simulates its dynamics to produces a set
of alternative temperature trajectories T; and
power trajectories P;.

3. Optimization via ADMM: For each iteration k
until the stopping criteria are met:

(a) Broadcast Signal: The aggregator reports
the mean primal residual 7* (i.e. the dif-
ference between z* and z*) and the mean
dual incentive variable A* to each TCL i
in the population.
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Figure 8: Aggregator Preparation Step. The aggregator re-
ceives the signal y and produces the desired power profile
d.

TCL,
T17 Pl

TCL,
Ti? P’L

TCLy
TN> PN

Figure 9: TCL Simulation Step. Each TCL ¢ in the pop-
ulation simulates its dynamics to produce the alternative
control trajectories.

(b) Local Optimization: Each TCL 4 opti-
mizes (29a) and reports ¥ (29b) to the
aggregator.
Aggregator Optimization:  Given the
mean TCL power profile zFt1, the ag-
gregator optimizes (29¢) and updates the
mean primal residual 7**1 (29d) and the
mean dual incentive variable A**! (29e).
4. Interpretation: Each TCL ¢ interprets the dis-
crete probability distribution @] to select a
power trajectory p; from the set P; and reports
the probabilistic solution p; to the aggregator.

()

Figure 7 outlines the steps performed by each
TCL 7 in the population. At each time step, the
TCL simulates its dynamics to produce the alter-
native control trajectories as represented by T; and
P;, coordinates with an aggregator via ADMM to
produce a continuous solution z, and finally in-
terprets the discrete probability distribution w; to
produce a probabilistic solution p; € P;.

The 4 steps of the generation following algorithm,
as well as the structure of the distributed system,
are illustrated in Figures 8, 9, 10, and 11. In partic-
ular, the figures indicate for each step of the algo-
rithm which variables are defined locally and which
are communicated between the aggregator and the
TCLs in the population.

In our algorithm, each TCL 4 reports the power
demand profile xf“ to the aggregator but not to
the other TCLs in the network. Each TCL’s T,
P, and %" remain private. In addition to the stop-
ping criteria (21), we impose a limit on the absolute
value of A (i.e. stop if |A\"| > Ay forn =1,..., Ny).
This limit is empirically selected and serves as a
means of detecting if the population of TCL’s is
able to match the signal within a certain tolerance.
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Aggregator
Z,T, T, A
7T N
TCL, TCL; TCLy
T T; TN

Figure 10: Optimization Step. For each iteration k of the
ADMM algorithm, the aggregator reports the mean primal
residual 7#* and the mean dual incentive variable A¥ to each
TCL ¢ in the population. Each TCL ¢ then reports its up-
dated zf*q'to the aggregator.

Aggregator
/N
TCL, TCL; TCLy
D1 i PN

Figure 11: Interpretation Step. Each TCL ¢ interprets the
discrete probability distribution W] to select a power trajec-
tory p; from the set P; and reports the probabilistic solution
P; to the aggregator.

As defined by (27), any power demand is feasible,
but in practice, we only want to perform genera-
tion following if the aggregate continuous solution
NZz* is within a certain error tolerance, ¢ , of
the control signal d (i.e. max(|[Nz* — d|) < e“").
Therefore, if the ADMM algorithm does not con-
verge to a solution within this tolerance, the pop-
ulation has failed to perform generation following
and each TCL implements some default behavior.
In this paper, the default behavior is to return to
the original temperature setpoint by implementing
the control trajectory u; = (0,0,0,0,0).

At optimality, the power demand profile z} rep-
resents the TCL’s continuous solution and is not
directly implementable. While it is conceptually
possible to cluster complementary TCLs or to in-
corporate energy storage so as to directly achieve
the continuous solution, we assume no such coordi-
nation in this paper. Instead, each TCL in the pop-
ulation will implement a single control trajectory
given the discrete probability distribution w;. The
TCLs’ states are updated and the resulting power

error
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demand profile, referred to as the probabilistic solu-
tion p;, is reported to the aggregator. The potential
for error between the continuous and probabilistic
solution is addressed in Section 4.6 below.

4.5. ADMM Parameter Selection

The parameters of the ADMM algorithm are pre-
sented in Table 5. These parameters have been
empirically selected to fit the characteristics of our
application. Specifically, because the behavior of
each TCL in the population is constrained by its
alternative control trajectories, the goal of the gen-
eration following algorithm is primarily to shape
the aggregate load in response to a signal. This
is expressed in the ADMM parameters by select-
ing an aggregator coefficient «, that is larger than
the TCL coefficient «, for each TCL in the pop-
ulation. Decreasing «a, or increasing o, will cause
less emphasis to be placed on the global objective.
Therefore, the TCLs will choose to optimize their
local objectives rather than optimizing the aggre-
gate power demand (a further discussion of this be-
havior is presented in Section 5.7).

The primal and dual feasibility tolerances are
positive values which define the stopping criteria of
the ADMM algorithm. In our application, the mean
primal residual 7 is the difference between z*, the
mean power demand based on the continuous solu-
tions reported by the TCL population, and z*, the
mean power demand based on the solution to the
aggregator’s objective function. The primal feasi-
bility tolerance eP"™4 is a measure of the primal
residual that we are willing to accept. Based on the
relative weighting of the aggregator and TCL objec-
tives and the error tolerance €“"7" = 10kW, ePrimal
can effectively be any positive value less than v/10.
We have selected e’ = 1 based on empirical ob-
servations that the value produces aggregate con-
tinuous solutions within the error tolerance e“""°"
within a modest number of ADMM iterations (i.e.
<50).

The dual residual s? of each TCL i is a measure
of the change in the continuous solution z¥ and in
the primal residual 7* between ADMM iteration k
and k + 1. Thus, |s*|| is a measure of the rate
of change in the solutions of the aggregator and
TCL population. A large dual feasibility tolerance
e?vel will cause the ADMM algorithm to stop once
the primal feasibility criterion is met while a small
tolerance will cause the algorithm to continue until
the solutions of the aggregator and TCLs no longer
change from one iteration to the next. We have
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empirically chosen a dual feasibility tolerance e?*®

of 1 such that the dual feasibility criterion is met a
few iterations (i.e. <10) after the primal feasibility
criterion.

The Lagrangian penalty has been tuned to be
sufficiently large such that the ADMM algorithm
converges relatively quickly but sufficiently small so
as to avoid oscillatory behaviors in the ADMM up-
dates as the algorithm begins to converge. Lastly,
we have observed that when the desired power pro-
file d is outside the feasible power demand range
of the TCL aggregation, the absolute values of A
increase dramatically as the ADMM algorithm at-
tempts to drive the TCL population toward an in-
feasible solution so as to reduce the aggregator’s ob-
jective function. To detect this behavior and stop
the ADMM algorithm, we impose a limit of A\, = 50
on the absolute value of \.

4.6. Divide and Conquer

At optimality, the solution z} represents the con-
tinuous solution of the relaxed form of the general
assignment problem, as described in (9). While this
relaxation is essential for distributed convex op-
timization, the continuous solution is not directly
implementable. Instead, we employ the probabilis-
tic solution p; and thereby introduce the poten-
tial for error between the solution returned by the
ADMM algorithm and the actual power demand of
the TCLs. For highly homogeneous populations of
TCLs, we have observed that the aggregated con-
tinuous and probabilistic solutions are comparable
(i.e. have similar errors with respect to the sig-
nal). The logical explanation is that due to the
homogeneity, many TCLs converge to similar solu-
tions. Thus, their probabilistic solutions are com-
plementary such that the aggregated power demand
is close to the continuous solution returned by the
ADMM algorithm. For highly heterogeneous pop-
ulations, however, this is not the case.

To address this, we investigated the introduction
of a sparsity-inducing weighted ¢; norm [57] into
the TCL’s objective function to drive the probabili-
ties towards 0% or 100% (Due to the non-negativity
constraint in (9), tradition ¢;-regularization is inef-
fective). However, we found that sparsity came at
the cost of slower convergence and higher errors be-
tween the continuous solution and the signal.

Our solution is a relatively brute force, divide and
conquer approach. Stated simply, we run ADMM
on the entire population of TCLs. Upon conver-
gence, we fix a certain number of the TCLs (10-
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Generation following signal y

Desired power demand profile d

Temperature setpoint of TCL 4

Temperature trajectories of TCL i| T

Power trajectories of TCL 14 P;

Table 2: Optimization Inputs

Final power demand
profile of TCL 4 Di

(probabilistic solution)

Table 3: Optimization Outputs

20% of the total population) using the probabilistic
solution. These TCLs are them removed from the
population being optimized and the N and d pa-
rameters are adjusted accordingly. Next, we repeat
the ADMM algorithm to find the continuous solu-
tion of the remaining population using the previous
value of A and adjusted values of  and Z as a warm
start. This process is repeated until all TCLs are
fixed. For successive ADMM runs, we decrease the
number of ADMM iterations as the problem be-
comes more constrained. Numerical examples are
provided next.

5. Experimental Results

In this section, we present results for 4 experi-
mental studies. In each experiment, we model a
population of TCLs to follow 1% of the signal de-
scribed in Figure 6. This 5-minute generation fol-
lowing is achieved by running the sharing ADMM
algorithm every 5 minutes between midnight and
noon for the morning of 3/19/2015. In the first
experiment, we consider a large, highly homoge-
neous population of refrigerators. Second, a small,
heterogeneous population of refrigerators. Third,
a highly heterogeneous population of refrigerators,
water heaters, heat pumps, and baseboard heaters.
Fourth, a highly heterogeneous population of refrig-
erators, water heaters, heat pumps, and baseboard
heaters using the divide and conquer approach de-
scribed above.

For each study, we employ the ADMM parame-
ters in Table 5. For refrigerators and water heaters,
a; = 0 indicating that the consumer is indiffer-
ent to the selection of a control trajectory. Thus,

17

Probability distribution of
TCL i at iteration k

Power demand profile of
TCL 7 at iteration k

(continuous solution)

Mean TCL power demand
profile at iteration k

(continuous solution)

Mean aggregator power demand
profile at iteration k

(continuous solution)

Mean primal residual

Mean dual variable

Table 4: ADMM Variables

Lagrangian Penalty p

10

Aggregator Coefficient Q

20

TCL Coefficient

Qg
(Refrigerator)

TCL Coefficient

oy
(Water Heater)

TCL Coefficient

g
(Heat Pump)

TCL Coefficient
(Baseboard Heater)

Qg

Primal Feasibility Tolerance|eP™m

Dual Feasibility Tolerance

6dual

Error Tolerance ecrror

10 kW

X Limit Ap

50

Table 5: ADMM Parameters
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the TCL’s objective function (26) is constant and
weakly convex. At each iteration, the TCL enforces
feasibility and adjusts its power demand accord-
ing to the incentive signal A\. For heat pumps and
baseboard heaters, o, = 1 indicating that the con-
sumer would prefer to keep the temperature near
the setpoint. The weight «, is not large enough to
prevent the selection of any alternative control tra-
jectory, but rather numerically incentives the uti-
lization of more cooperative/responsive refrigera-
tors and water heaters before heat pumps and base-
board heaters. Lastly, .S,, defines a set of 3 allowed
change in setpoint values. Thus, each TCL has a
maximum of N, = 3 alternative control trajecto-
ries.

For each of the experimental studies, we present
the aggregated power demand and response of the
population for the respective experiment. The ag-
gregated continuous and probabilistic power de-
mand are presented as the mean of the total power
demand over each N; = 5 minute interval.
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1220

1 Ny N 1221

= 2> @) (30) 122

n=1i=1 1223

1224

i 1 Ne N - 1225

Py = ﬁt Z Zpi (31) 1226
n=1 i=1

1227

where variables z%,p% € R, N is the number of e

TCLs in the population, and k denotes the integer
valued time step of each ADMM run (i.e. each N; =
5 minute interval between midnight and noon).

1229
1230
1231
The continuous and probabilistic responses of the EZ
population denote the change in power demand,

. . 1234
and are respectively given by
1235

k k 1236

zh = af —pit (32)
1238
(33) 1239
1240
Because x} is not directly realizable, z% is calcu- 1u
lated relative to the previous probabilistic demand 24,
py
For each time step k, we also present the mini- 124
mum and maximum power demand that the popu- 12
lation of TCLs could have achieved given the set of 12
power trajectories P; for each TCL. For each TCL 124
i, we denote the trajectories with the minimum and 12ss
maximum mean power demand as p® € P; and 10
p#* € Py, respectively. Therefore, the minimum 125

18

ph =pk —p& !

1243

and maximum mean power demand of the popula-
tion is

1 Ny N )
Phins = = D D (P)™" (34)
n=11=1
1 N, N
Praxs = 3 SOS hme (35)
n=11=1

Thus, the maximum up or down response of the
population is given by

k k k—1
PminA = Pminy — Py (36)

pfnaXA = pfnaxz - p];;l (37)
where variable p¥. . corresponds to demand de-
crease and p¥ __\ to demand increase (from the per-
spective of the load). In the case that p&; A > 0 or
Pk A <0, the population is incapable of decreas-
ing or increasing its power demand, respectively.

5.1. Highly Homogeneous Population

To begin, we present the results using a highly
homogeneous population of refrigerators. Specifi-
cally, we have modeled and controlled a population
of N = 20,000 refrigerators with identical parame-
ters (the mean of the parameter ranges in Table 1).
We have limited the number of ADMM iterations
to 10.

Figure 12 presents the results from the homoge-
neous experiment. The top plot shows how well
the continuous responses 2% and the probabilistic
responses pi compare to the signal y* for each 5
minute interval between midnight and noon. To
reiterate, the continuous response is the difference
between the aggregated solution to the ADMM al-
gorithm and the power demand in the previous time
step. The probabilistic response is the difference be-
tween the aggregated probabilistically selected TCL
trajectories and the power demand in the previous
time step. The RMSEs of the continuous and prob-
abilistic responses are 0.11 kW and 14.25 kW, re-
spectively. The ADMM algorithm only failed to
converge to a continuous solution within the error
tolerance of 10 kW during two intervals at 10:00
and 10:05 AM, resulting in a generation following
success rate of 98.6% over the time period studied.

The second plot in Figure 12 shows the prob-
abilistic p&, the minimum p¥. ... and the maxi-
mum pF . power demand of the population at
each time interval. The third plot shows the cor-
responding minimum p¥. . and maximum pfnax A
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Figure 12: Highly Homogeneous Population

potential (i.e. the difference between the minimum 127
or maximum power demand and the demand in the 1270
previous time step). While it is possible for the ag- 120
gregator to discern these minimum and maximum s
values by manipulating A to drive the TCLs to their
extremes, we have assumed no such behavior in our
implementation. Thus, the aggregator can only de-
termine if the signal and the feasible up or down 2%
responses are within the specified error tolerance 2%
after the ADMM algorithm converges. The only 2
exception is if A violates the A, limit, indicating 2%
that the ADMM algorithm is attempting to drive ¥
the population toward an infeasible solution so as to %
reduce the aggregator’s objective function (though 2%
the TCLs will guarantee that the solution at each '

iteration is feasible). 1201
1292

The fourth plot shows the percentage of the pop- 1203
ulation that is either fixed, flexible, or capable of 1204
only up or down responses. From midnight to 6:00, 1205
we observe that the TCLs move between up only 120
and down only conditions, with the percent of fixed 1207
and flexible TCLs remaining small. After 6:00, the 120
TCLs in the up only population begin to move to 120
the down only or fixed populations. In the fifth 10
plot, which shows the number of ADMM iterations s
executed before stopping, we see that the ADMM 130,
algorithm has more difficulty finding a solution in 1303

19

1282

these later time intervals and begins hitting the it-
erations limit of 10. This trend represents a decline
in the capability of the population to perform gen-
eration following.

5.2. Homogeneous Population with Dwell Time

In this study, we demonstrate the suitability of
the control framework to honor minimum dwell
time constraints. We consider a homogeneous pop-
ulation of N = 20,000 refrigerators with identical
parameters (the mean of the parameter ranges in
Table 1). The TCLs are controlled such that a min-
imum dwell time of 5 minutes is enforced (i.e. if a
TCL turns on or off, it must remain in the new state
for at least 5 minutes). Again, we have limited the
number of ADMM iterations to 10.

The minimum dwell time constraint is applied at
the Simulate TCLs step of the generation following
algorithm. Specifically, if a TCL simulation pro-
duces a mechanical state trajectory m; such that
the minimum dwell time of 5 minutes would be vi-
olated if the trajectory was implemented, the tra-
jectory is discarded by excluding the corresponding
uj, Tj, mj;, and p; from U, T, M, and P.

The results, presented in Figure 13, show a gener-
ation following success rate of 100.0% over the time
period studied. The RMSEs of the continuous and
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Figure 13: Homogeneous Population with 5 Minute Dwell Time

probabilistic responses are 8.13 kW and 11.80 kW,
respectively. Note that this study employs the same
number of TCLs with the same parameter values as
those in the previous homogeneous study. However,
due to the enforcement of the dwell time constraint,
we observe a greater percentage of the population in
the fixed and down only conditions. In the previous
homogeneous study, the means of the fixed, up only,
and down only populations over the 12 hours were
9.35%, 74.09%, and 16.23%, respectively. With the
enforcement of the dwell time, the mean percent-
ages are 24.87%, 60.22%, and 14.74%, respectively.
Due in part to the increase in the fixed population,
more ADMM iterations are required to find a solu-
tion.

5.3. Heterogeneous Population

To begin introducing heterogeneity, we have
modeled the control of N = 10,000 refrigerators
with parameters randomly drawn from the uniform
distributions in Table 1. We have also raised the
ADMM iterations limit to 40. The results from
this study are presented in Figure 14 and show a
success rate of 95.8% over the time period studied.
The RMSEs of the continuous and probabilistic re-
sponses are 8.81 kW and 17.84 kW, respectively.

In this study, we have significantly decreased the
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population size and thus the potential for increas-
ing demand. The second and third plots indicate
that as we approach noon, we experience a decline
in the maximum feasible power demand pfnaxz and
the demand increase potential p¥ .. The fourth
plot shows the percentage of the population that is
either fixed, flexible, or capable of only up or down
responses and presents some insight into the loss of
demand increase potential. Between midnight and
7:00, we observe that the TCLs generally oscillate
between up only and down only, with the percent
of fixed and flexible TCLs remaining small. After
7:00, the TCLs in the down only population begin
to become fixed. Finally, the TCLs begin switching
between up only and fixed, making it more difficult
to perform generation following and driving up the
number of ADMM iterations.

5.4. Highly Heterogeneous Population

In this study, we consider a highly heteroge-
neous population of refrigerators, water heaters,
heat pumps, and baseboard heaters with parame-
ters randomly drawn from the uniform distributions
in Table 1. We model 3,000 refrigerators, 2,000 wa-
ter heaters, 1,800 heat pumps, and 1,800 baseboard
heaters for a total of N = 8,600 TCLs. We set the
ADMM iterations limit to 20.
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Figure 14: Heterogeneous Population

The results, presented in Figure 15, show a gener-
ation following success rate of 91.0% over the time
period studied. Based on the fifth plot, we observe
that for 96.5% of the time steps, the stopping cri-
teria were not met and the ADMM algorithm hit
the iterations limit of 20. However,
these time steps, the error was within the toler-
ance of 10 kW. The RMSEs of the continuous and
probabilistic responses are 4.39 kW and 81.78 kW,
respectively. This increase in the error of the prob-
abilistic response can be attributed to the increased
heterogeneity of the TCL population.

The fourth plot in Figure 15 shows that at each
time interval, the percentage of fixed TCLs re-
mained over 40%. Nonetheless, the potential for
increasing the demand remained near 8 MW, de-
clining slightly after 9:00 due to the rise in ambient
temperatures (and thus a loss in demand increase
potential from heat pumps and baseboard heaters).
Overall, the population suffered from an insufficient
potential for decreasing demand. This could be ad-
dressed by better conditioning the T'CLs so that
more remain in a flexible or down only condition
or by extending the forecasting horizon beyond the
next 5 minutes, allowing the aggregator and TCLs
to better prepare for future signals.
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5.5. Heterogeneous Population with Divide and
Conquer

To address the error between the probabilistic re-
sponse pk and the signal y*, we have re-simulated
the highly heterogeneous population of N = 8,600
TCLs using the divide and conquer approach. In
other words, we have run the ADMM algorithm
5 times. After each run, we fixed 20% of the to-
tal population so that after the final run, all 8,600
TCLs are fixed. Additionally, between each run, the
N and d parameters are adjusted according to the
results of the newly fixed TCLs. Lastly, as a warm
start, the previous value of A and adjusted values of
T and Z are employed to initialize the next ADMM
run. If the error tolerance is violated at the end of
an ADMM run, the algorithm is terminated. For
the first ADMM run, the iteration limit is set to 20.
For successive ADMM runs, the limit is 10.

To improve the performance of the algorithm, we
have sorted the TCLs such that those with the high-
est power demand are fixed first and those with the
lowest are fixed last. In other words, the order of
consideration is heat pump, electric water heater,
electric baseboard heater, and refrigerator.

The test results are presented in Figure 16. While
we have increased the total number of ADMM it-
erations at each time interval, the RMSEs of the



1409

1410

1411

1412

1413

1414

1415

1416

1417

1418

1419

1420

1421

1422

1423

1424

1425

1426

1427

1428

1429

1430

1431

1432

1433

1434

1435

° 061 ‘ — Signal, y* +— Continuous Response, L"A +—e Probablistic Response, pg ‘ |
e .
g 09 M |
RE o[\ e\ PN AN o ‘\:MA 7N 2,
IS st T A o M WP
@ —03f Vv \J V'V/ n"_/ 1
—0.6 1
o 12 7‘ ‘ —— Probablistic Demand, P/'i —— Minimum Demand, Pi;ﬁns —— Maximum Demand, pf‘;m:
o~
o] E; ]t
5=
=
0E N . . n n n n n n
g 12t ‘ — Signal, y* — Potential Demand Decrease, pl';, — Potential Demand Increase, pf, .\ | |
z
=) E: 8"-"._‘_“—"""‘—ﬁ-"\\"_______,_______._._h_d,_—-—""_——~_-_———-\"——-=—-‘____-—-"’-_‘___‘“"_5\__"_d_‘,,___‘\\‘~__’—’_____’
28 4 ]
2
A~ 0 _—“—-k—;::"<“-—s\\_‘d_’__/————-=————-—‘-\/ ——— —— 1
4L s ) ) ) ) ) ) ) L ) |
100! | — Fixed,n,=1 — UpOnly,n,=2 Down Only, n, — 2 Flexible, n, = 3| ]
= 80 i
§ & 60r -
55wl — e = ]
20+ 1
a Ok : ; ; : ; . ; .
N
g & 20
ZE 0]
ol
0:00 1:00 2:00 3:00 4:00 5:00 6:00 7:00 8:00 9:00 10:00 11:00 12:00

Figure 15: Highly Heterogeneous Population

continuous and probabilistic responses are now sig-
nificantly reduced to 7.19 kW and 9.56 kW, respec-
tively. This demonstrates that the TCLs can be
controlled such that the probabilistic response pg
is within the error tolerance of 10 kW. The suc-
cess rate for the time period simulated is 88.9%.
Once again, the population struggles to match the
required demand decrease. In the previous stud-
ies, the failed attempts terminated at 40 ADMM
iterations, the upper limit. In this study, failed at-
tempts are terminated after the first ADMM run of
20 iterations.

Lastly, because we are simulating each TCL with
a one minute time step, we can reproduce the power
demand for every minute, as shown in Figure 17.
Because of the piecewise constant interpretation of
the signal and the formulation of the aggregator’s
objective function, the electric power demand of the
TCL population has step-like appearance.

5.6. Increasing Population Size

To test the impact of population size on the num-
ber of ADMM iterations, we have designed an ex-
periment in which TCL populations of varying size
are employed to respond to the load following sig-
nal. Each population is comprised of homogeneous
refrigerators with identical parameters (the mean
of the parameter ranges in Table 1).
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To account for the variation in population size,
the percentage of the signal followed by the aggre-
gator is scaled such that the per TCL signal remains
constant across the different populations. The same
is done with the error tolerance of the aggregator.
Specifically, the percentage of the signal is defined
as 1074% per TCL and the error tolerance is 10™4
kW or 0.1 W per TCL. Therefore, 100 TCLs are
employed to follow 0.01% of the signal with an er-
ror tolerance of 0.01 kW and 1,000,000 TCLs are
employed to follow 100% of the signal with an error
tolerance of 100 kW.

In this experiment, we generate populations of
100, 500, 1,000, 5,000, 10,000, 50,000, 100,000,
500,000, and 1,000,000 TCLs and employ each pop-
ulation to follow the first hour (i.e. first 12 time
steps) of the signal. Additionally, the ADMM algo-
rithm is stopped once the aggregate power demand
of the population is within the error tolerance. This
can be viewed as a relaxation of the stopping crite-
ria in (21).

The results of this experiment are presented in
Figures 18 and 19. Figure 18 shows the number
ADMM iterations at each time step for the 100,
1,000, 10,000, 100,000, and 1,000,000 TCL pop-
ulations. Note that for the 10,000, 100,000, and
1,000,000 TCL populations, the iteration numbers
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Figure 19 shows the mean number of iterations
in the the first hour of generation following for each
of the nine TCL populations. The results suggest
that the number of ADMM iterations is indepen-
dent of the population size. Therefore, increasing
the number of the TCLs in the population does not
directly increase the number of ADMM iterations
required to perform generation following.

5.7. Increasing o

The weighting term «, represents the willingness
of a TCL to permit temperature drift away from the
setpoint. To test the impact of a, on the number
of ADMM iterations, we have designed an exper-
iment in which TCL populations with varying «,
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Figure 18: ADMM iterations at each time step with TCL
populations of varying size

respond to 1% of the load following signal. Each
population is comprised of 10,000 homogeneous re-
frigerators with identical parameters (the mean of
the parameter ranges in Table 1) and is employed to
follow the first hour (i.e. first 12 time steps) of the
signal. We limit the number of ADMM iterations
to 40.

The results of this experiment are presented in
Figures 20, 21, and 22. Figure 20 shows the number
ADMM iterations at each time step for the different
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values of «,, and Figure 21 shows the mean number
of iterations in the first hour of generation follow-
ing. As shown, when a, is small, fewer ADMM
iterations are required to find a solution. This can
be attributed to the weighting of the aggregator ob-
jective function relative to the objective function of
the individual TCLs in the population. In other
words, the TCLs seek to minimize the global objec-
tive of generation following and allow their temper-
atures to drift from the setpoint. As «, increases
(and thus the relative weighting of the aggregator
objective decreases), the TCLs become less coop-
erative and more iterations are required to find a
solution.

Eventually, «, increases to a point where the
optimal solution of the distributed ADMM algo-
rithm is to minimize the objectives of the indi-
vidual TCLs rather than the aggregator objective.
In other words, the refrigerators in the population
choose to minimize the deviation of their internal
temperatures from the setpoint rather than partic-
ipating in the generation following aggregation. As
a result, the average number of ADMM iterations
increases to the limit of 40, as shown in Figures 20
and 21, and we observe an increase in the RMSE of
the continuous response, as shown in Figure 22.

6. Conclusions

In this paper, we have presented an alternative
control trajectory representation. This representa-
tion allows for the modeling of a TCL as a gener-
alized assignment problem and fully recognizes the
non-convex constraints of hysteretic dead-band sys-
tems. By relaxing the binary constraint, the prob-
lem becomes convex and the optimal solution can
be interpreted as both a continuous and probabilis-
tic solution.
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We have also presented a formulation of the shar-
ing ADMM algorithm suitable for the distributed
optimization of TCLs. The formulation is highly
parallelizable and requires the broadcasting of only
AF and (zF — z¥). Given the objective function of
every agent is convex, the algorithm is guaranteed
to converge to an optimal solution.

Finally, we have applied the sharing ADMM algo-
rithm with TCL alternative control trajectory rep-
resentation to the problem of 5-minute ahead re-
newable energy generation following. Findings of
this paper include:

e Using actual wind and solar generation fore-
casts, ambient temperature records, and pub-
lished TCL parameters, we have demonstrated
how populations of TCLs can be optimized to
perform power system services.

e By applying the alternative control trajectory
representation to TCLs, we have shown how a
population of systems with integer states can
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be controlled using a convex algorithm.

e By distributing the computation using the
sharing ADMM algorithm, we have demon-
strated that the generation following algorithm
can be scaled to large populations of TCLs
without increasing the number of ADMM it-
erations.

e For highly heterogeneous TCL populations, we
have shown that a divide and conquer ap-
proach can be employed to minimize the er-
ror between the probabilistic solution and the
signal.

There are a number of advantages to the dis-
tributed TCL control method presented in this
manuscript. Firstly, each TCL models its dynam-
ics locally and there is no requirement that TCLs
all employ the same model structure or control
scheme. Individual TCLs can incorporate higher fi-
delity or device specific models and still participate
in the distributed optimization. Secondly, TCLs
can prevent short-cycling. For example, a TCL
could exclude any alternative trajectories that vi-
olate a minimum dwell time. Thirdly, due to the
bi-directional communication, the aggregator can
have perfect knowledge of the population’s future
power demand. There is no need to estimate the
power demand if the TCLs are capable of commit-
ting to the solution of the optimization algorithm.
Quantifying and qualifying the advantages of these
characteristics will be the focus of future research.

A challenge not addressed in this manuscript is
that, because we are not centrally modeling the
TCL population, the aggregator does not know the
current state or generation following potential of
the population. Methods for better understanding
and maintaining the generation following potential,
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which is related to the average temperature of each
TCL, will be the subject of future work. Similarly,
understanding the impact of seasonal and regional
weather conditions on the performance of the TCL
aggregation will be future work.

Using our sharing ADMM algorithm, we have
demonstrated the potential for TCLs to help main-
tain a continuous and instantaneous balance be-
tween generation and load by participating in real-
time ancillary service markets. The deployment of
such responsive load will be essential for maintain-
ing the stability of power systems with high renew-
able energy penetration.

Appendix

6.1. Notation

To simplify equations, we employ the following
notation and abbreviations throughout the paper.
{1-norm:

N
2l = Jl (38)
i=1
f5-norm:
]2 = (39)
Root Mean Squared Error:
X
RMSE = |+ E_:l(x — )2 (40)
Mean:
1
T= Z; ; (41)
Sum:
N
S = Z x; (42)
i=1
Inner product:
o)y =Tz (43)

with variable z, A € RY.



Temperature, °C T
Discrete state, on/off m
Power demand, kW P
Temperature setpoint change, °C U
Set of allowed setpoint changes Su
Ambient temperature, °C Too
Temperature setpoint, °C Tset
Temperature dead-band width, °C )
Thermal capacitance, kWh/°C C
Thermal resistance, °C/kW R
Energy transfer rate, °C/kW P
Coefficient of performance COP

Temperature trajectory

State trajectory

Power trajectory

Input trajectory

Set of temperature trajectories

Set of state trajectories

Set of power trajectories

Set of input trajectories

Number of control trajectories

Number of distinct control trajectories

Discrete solution

Continuous solution

Probabilistic solution

Mean aggregator solution
Mean TCL solution
Continuous power demand solution

Probabilistic power demand solution

Aggregated continuous demand Ty
Aggregated probabilistic demand |25
Aggregated continuous response TA
Aggregated probabilistic response DA
Dual variable A
Augmented Lagrangian parameter p
Primal residual r
Dual residual S
Generation following signal Y
Desired power demand profile d
Aggregator Coefficient Qy
TCL Coefficient Qg
Primal Feasibility Tolerance eprimal
Dual Feasibility Tolerance edual
Error Tolerance eerror
X Limit Ay

Table 6: Nomenclature: Variables, parameters, and sets used
throughout the paper
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6.2. Sharing ADMM Optimality and Residuals

In this section, we derive the sharing ADMM
residuals, which are required to define the stop-
ping criteria. The necessary and sufficient optimal-
ity conditions for the sharing ADMM problem (18)
are given by the primal feasibility,

x; —z =0 (44)
and dual feasibility,
0=V/fi(z*)+ A (45)
0=Vg(>z) =2\ (46)
for i = 1,...,N assuming f; and g are differen-
tiable.
Since z¥*1 minimizes (18b) by definition, we can

show that z**1 and A\**! always satisfy (46),

0 =Vg(X =) = (A + X pa ™ —2F)
= V(X ) = (O + plaft = )
= Vg(X =) - Z A
Therefore, optimality is achieved by satisfying (44)

and (45). From (44), we can define the primal resid-
ual as

R R
Since 2! minimizes (18a) by definition, we can

show
0 = Vfi(xfﬂ) + M4 ,fJ(xf‘H — 2
=V fi(aFTD) 4 AF 4 p(ahth = ok 4 g kT

=Vfi(af ) + AF + p(af T = 28) + p(2f T = 2F)

(2 K2

=V i(af ) + AT 4 p(af = 2F)

K3

Thus, we can define the dual residual as
S = VAT 4 M = p(h - ) (49)

6.3. Averaged Sharing ADMM

In this section, we derive the averaged form of
the sharing ADMM algorithm. The sharing ADMM
algorithm (18) requires the local calculation of a ¥,
Ak and r¥ term for each agent i = 1,..., N in the
network. Next, we will show that we can simplify
the algorithm by introducing global variables z*,
z* and A* representing the arithmetic mean of all
o¥ 2F and AF, respectively.

We begin by introducing z* into the z-update
equation (18b), which can be rewritten as



min g(Nz)

Z7

p
+ X (O =2 + Dl - zi)3)

(49)
|
st zZ = NZ i
or in augmented Lagrangian form
ZL(z,2,1) = g(NZ) + 32 (A\F, —21)
P
+ (Gl = ail13)
1
+ul(z - NZ zi)
Thus, for every iteration of the sharing ADMM
algorithm, the optimal value of each z; is

0L . .
7(’27 y 2

aZi

1614

1615

1616

0= ,,LL*)

A+ ol =) +

1

Z(\k

[) ( 7 _+_ j\]

* :u* A’]LC k+1

zi =+ —+uz;
Np —p

Finally, we can calculate the optimal value of Z
% 1 *
= NZ Zi

R R T V w
= NZ(]\Tp + ) +ai)

1 po 1
N (DA el

7

(51)

Np ' p
Thus, substituting p*/Np from (51) into (50),
A
-

p

*
1Zi =

pu
—.fk+1+7l+$f+l (52)
p

or equivalently

1 _
A=A @ - £ (=AY (69)

Next, we can replace zf“ in the \;-update equa-

tion (18c)
)\2”1 = )\f + p(xf+1 - Zf+1)
— )k
+ p($f+1 _ (zk+1 + injt-&-l _ .l_karl)) (54)

- (-3

_ S\k +p(i.k+1 _ ZkJrl)
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which shows that the dual variables Ak are all equal
to the global A\¥ and thus

Ao @)

Therefore, we can express the unscaled form of
the averaged sharing ADMM algorithm as pre-
sented in (22).

With this averaged sharing ADMM form, the in-
dividual agents no longer update their own \; vari-
able. Instead, a single aggregator updates A, along
with Z and Z, and reports these global variables to
every agent in the network.

6.4. Averaged Sharing Residuals

In order to apply the stopping criteria, we must
redefine the primal and dual residuals for the aver-
aged form. We can substitute zF*! from (55) into
(47) and (48) in order to define the primal resid-
ual 7% and dual residual s¥ in terms of z, as shown
in (23) and (24), respectively. The corresponding
lo-norms of the stopping criteria are presented in

(25).
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