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Abstract

For thermostatically controlled loads (TCLs) to perform demand response services in real-time markets,

online methods for parameter estimation are needed. As the physical characteristics of a TCL change (e.g.

the contents of a refrigerator or the occupancy of a conditioned room), it is necessary to update the param-

eters of the TCL model. Otherwise, the TCL will be incapable of accurately predicting its potential energy

demand, thereby decreasing the reliability of a TCL aggregation to perform demand response. In this paper,

we investigate the potential of various unscented Kalman filter (UKF) algorithm variations to recursively

identify a TCL model that is non-linear in the parameters. Experimental results demonstrate the parameter

estimation of two residential refrigerators. Finally, simulation results demonstrate the incorporation of the

recursive parameter estimation methods into a model predictive controller for demand response.

Keywords: Smart grid, Unscented Kalman filter, Online system identification, Recursive parameter

estimation, Thermostatically Controlled Loads (TCL), Demand response

1. Introduction

1.1. Background and Motivation

Large populations of thermostatically controlled loads (TCLs) hold great potential for performing ancil-

lary services in power systems. The advantages of responsive TCLs over large storage technologies include:

(i) they are already well-established technologies; (ii) they are spatially distributed around the power sys-

tem; (iii) they employ simple and fast local actuation; (iv) they are unimpaired by the outage of individuals

in the population; and (v) they - on the aggregate - can produce a quasi-continuous response despite the

discrete nature of the individual controls [1][2][3].
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Because TCLs are controlled according to a temperature setpoint and deadband range, customers are

generally indifferent to precisely when electricity is consumed. The inherent flexibility of TCLs, such as

refrigerators and electric water heaters, makes them promising candidates for provisioning power system

services. In fact, direct load control (DLC) and demand response (DR) programs are increasingly controlling

TCLs, among other electric loads, to improve power grid stability [4][5].

1.2. Relevant Literature

Past literature on the modeling and control of TCL populations has focused on the development of

aggregation methods with centralized control. Malhame and Chong’s study [6] is among the first reports

to use stochastic analysis to develop an aggregate model of a TCL population. The coupled Fokker-Planck

equations, derived in [6], define the aggregate behavior of a homogeneous population. More recently, [7]

develops a diffusion-advection partial differential equation (PDE) model and parameter identification scheme

for an aggregated population of heterogeneous TCLs. In [8], the authors present a deterministic hybrid

PDE-based model for heterogeneous TCL populations, analyze its stability properties, and derive a power

reference tracking control law.

In [9], the author uses a linearized Fokker-Planck model to describe the aggregated behavior of a TCL

population. Direct control is achieved by broadcasting a single time-varying setpoint temperature offset

signal to every agent. Numerical results demonstrate how small perturbations to the setpoint can enable

TCLs to perform wind generation following. The work in [10] builds upon [9] by proposing a sliding mode

control algorithm for direct control of air conditioning loads. A “state bin” modeling framework is used to

describe local states (On/Off) in a discrete temperature-related manner.

In [11], the authors employ a linear time-invariant (LTI) representation of a TCL population. As in [10],

a “state bin” modeling framework is used and the aggregate probability mass is allowed to move through

these bins. A Markov Chain-based approach is used to predict the evolution of the TCL population. In [2],

the authors propose a proportional controller which, at each time step, broadcasts a switching probability,

η, to all the TCLs in the population. If η < 0, all TCLs that are on must switch off with a probability of η

and if η > 0, TCLs that are off switch on with a probability of η.

Recognizing that system frequency is a universally available indicator of supply-demand imbalance, a

number of researchers have developed fully decentralized techniques for performing frequency services with

TCLs. In [12], the authors show the suitability of TCLs to perform frequency services using system frequency

as a control signal and the potential for a population of TCLs to respond to a sudden loss of generation.

This demand response capability reduces the dependence of grid operators on rapidly deployable backup

generation.

In [13], the authors develop a TCL model in which devices adjust their setpoints linearly according to the

system frequency, allowing the population to act as a fast frequency controlled reserve. To address problems
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of long-term instability, Angeli and Kountouriotis develop a decentralized stochastic controller in [14] that is

capable of maintaining desynchronization among the TCLs while regulating overall power consumption. In

[15], the authors present a stochastic controller whereby each TCL in the population independently targets

a reference power profile. The result is a stable and fully decentralized system that requires only the locally

available control signals of frequency and time.

Recent trends in the field of convex optimization, in particular the introduction of the alternating direc-

tion method of multipliers (ADMM), have enabled researchers to pursue distributed methods of load control

[16][17]. With these distributed control schemes, individual TCLs coordinate amongst each other or with an

aggregator to drive the population towards a shared global objective. In [3], the authors employ a sharing

ADMM algorithm to coordinate the electricity demand of a TCL population to perform generation follow-

ing. By allowing each TCL to locally model its dynamics and enforce constraints, the authors demonstrate

the capability of their algorithm to accurately control a heterogeneous TCL population.

A consensus coordination algorithm is developed in [18] that enables the aggregated power consumption of

a population of air conditioners to follow a power generation forecast. With each TCL modeling its dynamics

locally, the fully distributed algorithm is able to achieve fast convergence with only limited communication

between neighboring TCLs in the network. In [19], the authors present a distributed model predictive

control (MPC) scheme that enables a population of TCLs to provide load balancing services. The results

demonstrate that as the number of TCLs in the population increases, the distributed MPC scheme achieves

a higher efficacy than an aggregation method with centralized control.

Unlike centralized control schemes with aggregation models, decentralized and distributed control schemes

rely on the individual TCLs to locally optimize their behavior. Therefore, it is necessary for every agent in

the population to model its own behavior and to predict its energy demand. TCLs with poorly fit models

will undermine the ability of the population to accurately perform ancillary services. Given that most TCLs

experience regular changes to their physical characteristics (e.g. the contents of a refrigerator, the flow

through a water heater, or the occupancy of a conditioned room), a linear time-invariant model is likely

to prove inadequate. Also, for TCLs like radiant heaters and air conditioners, it is not possible for the

manufacturer to predetermine the physical characteristics of the spaces that will be conditioned. There-

fore, to improve the performance of decentralized and distributed TCL control methods, it is advantageous

to employ recursive or online parameter estimation algorithms to fit and continuously update each TCL’s

model.

1.3. Main Contributions

This manuscript contributes to the development of recursive parameter estimation algorithms for TCLs

by investigating various unscented Kalman filters for the estimation of a TCL model that is non-linear in

the parameters. We present four closely related filter methods (single, joint, dual, and triple) employing
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both the standard Kalman filter (KF), and unscented Kalman filter (UKF) algorithms. Specifically, we

consider: (i) a single filter approach in which one UKF estimates the TCL parameters; (ii) a joint filter

approach in which one UKF simultaneously estimates both the parameters and the state; (iii) a dual filter

approach in which one UKF estimates the parameters and one KF estimates the state; and (iv) a triple

filter approach in which one UKF estimates the parameters, one KF estimates the state, and another KF

estimates the model inputs. We present experimental parameter estimation results using real temperature

data from two residential refrigerators. Finally, simulation studies demonstrate the incorporation of the

single filter approach into a model predictive controller for demand response.

1.4. Paper Outline

This paper is organized as follows. Section 2 discusses the TCL model and Section 3 overviews the

parameter estimation problem. Sections 4 and 5 provide background for the standard Kalman filter (KF)

and the unscented Kalman filter (UKF), respectively. Section 6 formulates four filter methods for recursive

parameter estimation of a TCL. Section 7 provides numerical examples of our proposed algorithms applied

to real temperature data from two residential refrigerators. Section 8 presents simulation studies showing

fast parameter convergence and the application of the single filter approach to the model predictive control

of a TCL population for demand response. Finally, Section 9 summarizes key results.

2. TCL Model

The literature is rich with models for representing the dynamics of a diversity of thermostatically con-

trolled loads. These models address different challenges with respect to fidelity, user or occupant behavior,

unobserved inputs or states, and suitability for controls applications. For example, in [12], the authors

employ a refrigerator model which represents the energy flows between 4 thermally coupled masses (fridge

structure, fridge contents, freezer structure, and freezer contents), allowing the researchers to accurately

estimate the thermal storage capacity of the system.

Stochastic grey-box techniques are employed in [20] and [21]. In [20], the authors estimate the thermal

mass, evaporator thermal resistance, insulation thermal resistance, and coefficient of performance (COP)

for a residential refrigerator using maximum likelihood estimation. An electrical power consumption to

temperature model for a residential freezer is developed in [21], allowing authors to apply model predictive

control to shift the demand.

In [22], the authors develop a control-oriented multi-state thermal model and parameter estimation

method for heating, ventilation, and air-conditioning (HVAC) systems in commercial buildings. A piecewise

linear model of a residential heating system is presented in [23] which is able to approximate higher order

thermal dynamics within the system.
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This paper is motivated by ongoing research into decentralized and distributed control schemes for TCL

populations. Accordingly, our objective is to recursively estimate a control-oriented model that can capture

the predominant dynamics and disturbance patterns within a TCL. Low order RC equivalent circuit TCL

models, which have structures that are amenable to optimization and to real-time data-driven parameter

estimation, are widely employed for control application.

In this paper, we use the hybrid state discrete time TCL model originally developed in [24]. The model,

which is a discretization of a continuous time RC model, is widely used in the TCL population control

literature, including [2][3][9][10][11][14][18][19].

T k+1 = θ1T
k + (1− θ1)(T k∞ + θ2m

k) + θ3 (1a)

mk+1 =





1 if T k > Tset + δ
2

0 if T k < Tset − δ
2

mk otherwise

(1b)

where state variables T k ∈ R and mk ∈ {0, 1} denote the temperature of the conditioned mass and the

discrete state (on or off) of the mechanical system, respectively. Additionally, k ∈ Z denotes the integer-

valued time step, T k∞ ∈ R the ambient temperature (◦C), Tset ∈ R the temperature setpoint (◦C), and

δ ∈ R the temperature deadband width (◦C).

In this paper, we will define the time elapsed between each time step as h = 1/60 (hours). The parameter

θ1 represents the thermal characteristics of the conditioned mass as defined by θ1 = exp(−h/RC) where C

is the thermal capacitance (kWh/◦C) and R is the thermal resistance (◦C/kW), θ2 the energy transfer to

or from the mass due to the systems operation as defined by θ2 = RP where P is the rate of energy transfer

(kW), and θ3 an additive noise process accounting for energy gain or loss not directly modeled. The sign

conventions in (1) assume that the TCL is providing a cooling load and that P (and thus θ2) is negative.

As noted in [9][24], the discrete time model implicitly assumes that all changes in mechanical state occur

on the time steps of the simulation. In this paper, we will assume that this behavior reflects the programming

of the systems being modeled. In other words, we will assume that the TCLs have a thermostat sampling

frequency of 1/h Hz or once per minute.

3. Parameter Estimation Background

A fundamental machine learning problem involves the identification of a nonlinear mapping

yk = G(xk, θ) (2)
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where variable xk ∈ RX is the input, yk ∈ RY is the output, and the nonlinear map G is parameterized by

θ ∈ RΘ. Additionally, k denotes the integer-valued time step and X, Y , and Θ are the number of inputs,

outputs, and parameters, respectively.

3.1. Batch Parameter Estimation

Learning can be performed in a batch manner by producing estimates of the parameters θ̂ given a

training set of observed inputs and desired outputs, {x, y}. The goal of a parameter estimation algorithm is to

minimize some function of the error between the desired and estimated outputs as given by ek = yk−G(xk, θ̂).

3.2. Recursive Parameter Estimation

The parameter estimation problem can be expressed in a recursive form using a discrete-time state-space

model representation

θk = θk−1 + nk (3a)

yk = G(xk, θk) + ek (3b)

where θk represents the parameter estimates at time step k and nk ∈ RΘ corresponds to the parameter

update noise (i.e. change in parameter values). The goal of a recursive parameter estimation algorithm is

to produce θ̂k so as to minimize some function of the error ek.

4. Kalman Filter Background

• B • C

D

KTDA

+

+

+

+
+

−

++

uk

x̂k|kx̂k−1|k−1

x̂k|k−1

ŷk

ykrk

Figure 1: Kalman Filter Diagram

The Kalman filter (KF) is a recursive estimator for linear models such as the discrete-time state-space

model

xk = Axk−1 +Buk + vk (4a)
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yk = Cxk +Duk + wk (4b)

where variable xk ∈ RX is the state of the system, uk ∈ RU is the known exogenous input, and yk ∈ RY is

the observed measurement signal. The state transition model is given by A ∈ RX×X and the control-input

model by B ∈ RX×U . The process noise vk ∈ RX has covariance Qv ∈ RX×X , vk ∼ N(0, Qv). The

observation model is given by C ∈ RY×X and the feedthrough model by D ∈ RY×U . The measurement

noise wk ∈ RY has covariance Qw ∈ RY×Y , wk ∼ N(0, Qw). The variances of vk and wk (i.e. diagonal

elements of Qv and Qw, respectively) must be known in order to implement a Kalman filter.

The Kalman filter (KF) algorithm consists of a prediction step and an update/correction step. The

KF will model xk as a Gaussian random variable (GRV) with estimated mean x̂k ∈ RX and covariance

Qkx ∈ RX×X . To provide clarity, it is helpful to expand the k notation to distinguish between the state

estimates produced before and after the KF correction step. Therefore, at each time step k, the predicted

(a priori) state estimate, denoted as x̂k|k−1, is the mean estimate of xk given measurements y0, . . . , yk−1.

The corrected (a posterior) state estimate, x̂k|k, is the mean estimate of xk given measurements y0, . . . , yk.

To reiterate, throughout this paper, the uncorrected predictions (a priori) are denoted by k|k − 1 or k + 1|k
whereas the corrected predictions (a posterior) are denoted by k|k, k − 1|k − 1, or k + 1|k + 1.

The KF prediction step is given by

x̂k|k−1 = Ax̂k−1|k−1 +Buk (5a)

Qk|k−1
x = AQk−1|k−1

x AT +Qv (5b)

and the update/correction step by

ŷk = Cx̂k|k−1 +Duk (6a)

Qy = CQk|k−1
x CT +Qw (6b)

K = Qk|k−1
x CTQ−1

y (7a)

rk = yk − ŷk (7b)

x̂k|k = x̂k|k−1 +Krk (7c)

Qk|kx = Qk|k−1
x −KQyKT (7d)

Figure 1 illustrates the KF algorithm. The block TD represents a time delay (commonly denoted in

controls literature by z−1 or 1/z, the Z-transform of the delay operator). To simplify notation in this paper,

we will express the Kalman filter algorithm with the following 3 operator expressions


 x̂

k|k−1

Q
k|k−1
x


 = KFx




A
B


 ,


 x̂

k−1|k−1

Q
k−1|k−1
x


 , uk, Qv


 (8a)
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k

Qky


 = KFy




C
D


 ,


 x̂

k|k−1

Q
k|k−1
x


 , uk, Qw


 (8b)




x̂k|k

Q
k|k
x

rk


 = KFc




 x̂

k|k−1

Q
k|k−1
x


 ,


 ŷ

k

Qky


 , C, yk


 (8c)

where (8a) corresponds to (5a-5b), (8b) to (6a-6b), and (8c) to (7a-7d).

5. Unscented Kalman Filter Background

The UKF is an extension to the standard Kalman filter that utilizes a deterministic sampling approach

known as the unscented transform (UT) to characterize states which undergo a nonlinear transformation.

The UKF builds on the intuition that it is easier to approximate a probability distribution than to approx-

imate an arbitrary nonlinear transformation [25].

Like the Kalman filter, the UKF includes a prediction step and an update/correction step. However,

with the UKF, a state distribution is approximated by a Gaussian random variable (GRV) and specified

using a minimal set of sample, or sigma, points around the mean. These sigma points are selected such that

they capture the true mean and covariance of the GRV. When propagated through a nonlinear transform,

the sigma points accurately capture the a posterior mean and covariance of the estimated state.

In other words, rather than simply passing the previous state estimate x̂k−1 through a nonlinear transform

to produce a predicted state estimate x̂k, the UKF transforms the set of sigma points. The predicted state

estimate x̂k is then recovered as a weighted mean of the transformed points. With the UT, approximations

of Gaussian states are accurate to the third order for any nonlinearities [26]. For non-Gaussian states,

approximations are accurate to at least the second-order for any nonlinearities.

In this paper, we employ the UKF algorithm as presented by Wan and van der Merwe [26][27][28] and

summarized in the following section. Specifically, see Tables 7.3.1 and 7.3.2 in [27] for the algorithm employed

in this work. We direct the reader to [25] for the original presentation of the UT and UKF. A discussion of

dual estimation can be found in [26][28]. In the following subsections, we summarize the UKF algorithm as

presented by Wan and van der Merwe [27].

5.1. Sigma Points and Unscented Transform

To detail the UKF algorithm, we begin by describing the generation of sigma points and the execution

of the unscented transform (UT). Consider a random variable s ∈ RL with mean s̄ ∈ RL and covariance

Qs ∈ RL×L that is propagated through a nonlinear function f such that z = f(s) where z ∈ RZ . To
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calculate the statistics of z, we form a matrix S ∈ RL×(2L+1) consisting of 2L+ 1 sigma points Si given by

S0 = s̄

Si = s̄+
(√

(L+ λ)Qs

)
i
, i = 1, . . . , L

Si+L = s̄−
(√

(L+ λ)Qs

)
i
, i = 1, . . . , L

(9)

where
(√

(L+ λ)Qs

)
i

is the ith column of the matrix square root of (L + λ)Qs and λ = α2(L + κ) − L
is a scaling parameter. Constant α determines the spread of the sigma points (usually 10−4 ≤ α ≤ 1) and

constant κ is a secondary scaling parameter (usually κ = 0 or 3− L). We refer the reader to section 7.3 of

the Wan and van der Merwe text [27] for a discussion about selecting the α and κ parameters.

The sigma points are propagated through the nonlinear function

Zi = f(Si) i = 0, . . . , 2L (10)

and the mean and covariance of z are approximated as a weighted mean and covariance of the a posterior

sigma points

z̄ ≈
2L∑

i=0

Wm,iZi (11)

Qz ≈
2L∑

i=0

Wc,i(Zi − z̄)(Zi − z̄)T (12)

with weights Wm, corresponding to the a posterior mean of the sigma points, given by

Wm,0 = λ/(L+ λ)

Wm,i = λ/(2(L+ λ)), i = 1, . . . , 2L
(13)

and weights Wc, corresponding to the a posterior covariance of the sigma points, given by

Wc,0 = λ/(L+ λ) + (1− α+ β)

Wc,i =Wm,i, i = 1, . . . , 2L
(14)

where constant β incorporates prior knowledge of the distribution of s (for Gaussian distributions, β = 2 is

optimal).

To simplify notation, we will denote the generation of sigma points and the execution of the unscented

transform ((9)-(12)) with the following operator expressions

S = UTs(s̄, Qs) (15a)

Zi = f(Si) i = 0, . . . , 2L (15b)

z̄ = UTm(Z) (15c)
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Qz = UTc(Z) (15d)

where (15a) corresponds to (9), (15c) to (11), and (15d) to (12).

5.2. Additive Unscented Kalman Filter Algorithm

The unscented Kalman filter (UKF) is a straightforward application of the UT to recursive estimation.

To present the UKF algorithm, we will consider the state estimation of a discrete-time nonlinear dynamic

system with additive noise given by the state-space model

xk = F (xk−1, uk) + vk (16a)

yk = H(xk, uk) + wk (16b)

where variable xk ∈ RX is the state of the system, uk ∈ RU is the known exogenous input, and yk ∈ RY

is the observed measurement signal. Function F is the transition model and the process noise vk ∈ RX has

covariance Qv ∈ RX×X , vk ∼ N(0, Qv). Function H is the observation model and the measurement noise

wk ∈ RY has covariance Qw ∈ RY×Y , wk ∼ N(0, Qw). For systems with non-additive noise processes, we

refer the reader to the Appendix for a presentation of the augmented unscented Kalman filter.

The UKF will model xk as a GRV with estimated mean x̂k and covariance Qkx. At each time step k, the

UKF will generate sigma points for the previous state estimate, x̂k−1|k−1, as given by

Sk−1
x = UTs(x̂

k−1|k−1, Qk−1|k−1
x ) (17)

where Sx is the sigma points associated with the state estimate.

In the prediction step, the UKF will propagate the sigma points through the process model and generate

the a priori sigma points X k|k−1
i , state estimate x̂k|k−1, and covariance Q

k|k−1
x as follows,

X k|k−1
i = F (Sk−1

x,i , u
k) i = 0, . . . , 2X (18a)

x̂k|k−1 = UTm(X k|k−1) (18b)

Qk|k−1
x = UTc(X k|k−1) +Qv (18c)

(18d)

In the correction step, the UKF will propagate the a priori sigma points through the measurement model

to generate the measurement sigma points Yki , estimate ŷk, and covariance Qy as follows,

Yki = H(X k|k−1
i , uk) i = 0, . . . , 2X (19a)

ŷk = UTm(Yk) (19b)
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Qy = UTc(Yk) +Qw (19c)

(19d)

These are used to calculate the cross-covariance Qxy, the Kalman gain K, and the observation error

rk. Finally, the state estimate and covariance are corrected, producing the a posterior estimate x̂k|k and

covariance Q
k|k
x .

Qxy =

2L∑

i=0

Wc,i(X k|k−1
i − x̂k|k−1)(Yki − ŷk)T (20a)

K = QxyQ
−1
y (20b)

rk = yk − ŷk (20c)

x̂k|k = x̂k|k−1 +Krk (20d)

Qk|kx = Qk|k−1
x −KQyKT (20e)

where rk ∈ R is the error between the measurement yk and the estimate ŷk at time step k.

• F • H

UTs UTm

K

UTm

TD

+ −

++

uk

x̂k|kx̂k−1|k−1

Sk−1|k−1

X k|k−1

Yk

ŷk

ykrk

x̂k|k−1

Figure 2: Additive Unscented Kalman Filter Diagram

Figure 2 illustrates the additive UKF algorithm. The block TD represents a time delay (commonly

denoted in controls literature by z−1 or 1/z, the Z-transform of the delay operator). To simplify notation

in this paper, we will express the additive unscented Kalman filter algorithm using the following 4 operator

expressions

[
Sk−1
x

]
= UKF+

s




 x̂

k−1|k−1

Q
k−1|k−1
x




 (21a)
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x̂k|k−1

Q
k|k−1
x

X k|k−1


 = UKF+

x

(
F,Sk−1

x , uk, Qv
)

(21b)




ŷk

Qky

Yk


 = UKF+

y (H,X k|k−1, uk, Qw) (21c)




x̂k|k

Q
k|k
x

rk


 = UKF+

c







x̂k|k−1

Q
k|k−1
x

X k|k−1


 ,




ŷk

Qky

Yk


 , y

k


 (21d)

where (21a) corresponds to (17), (21b) to (18a-18c), (21c) to (19a-19c), and (21d) to (20a-20e).

6. Recursive TCL Parameter Estimation

In this section, we will present 4 closely related approaches for parameter estimation of a thermostatically

controlled load (TCL) using the Kalman filter (KF) algorithm in (8) and unscented Kalman filter (UKF)

algorithm in (21). In this paper, we will consider: (i) a single filter approach in which one UKF is used to

estimate the parameters θk; (ii) a joint filter approach in which one UKF simultaneously estimates both θk

and T k; (iii) a dual filter approach in which one UKF estimates the parameters θk and one KF estimates

the state T k; and (iv) a triple filter approach in which we use one UKF to estimate θk, one KF to estimate

T k, and another KF to estimate the inputs, T k∞ and mk.

In each case, we define the function G according to the TCL model (1)

T k+1 = θk1T
k +

[
1− θk1 1− θk1θk2 θk3

]



T k∞

mk

1




= G(T k, T k∞,m
k, θk)

(22)

6.1. Single Filter Parameter Estimation

Using the function G given in (22), the TCL recursive parameter estimation problem can be expressed

with the state-space model

θk = θk−1 + nk (23a)

yk = G(T k, T k∞,m
k, θk) + vk + wk (23b)

where (23b) combines (22) with observation model yk = T k+1 + wk.
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Parameter
UKF

TD



T k

T k
∞
mk




T k+1

θ̂k

Figure 3: Single Filter Method Diagram

Figure 3 illustrates the single filter method. The block TD represents a time delay (commonly denoted

1/z, the Z-transform of the delay operator). By employing the additive UKF algorithm in (21) with the

T k+1 observation as yk, we can produce θ̂k, an estimate of the model parameters at time step k. Note that

in the single filter case, θ corresponds to x, the variable being estimated, and G to H, the observation model.

Additionally, the transition model F is given by F (xk−1, uk) = xk−1 and T k, T k∞, and mk are effectively uk,

control and feed-through inputs at time step k.

Parameter
UKF

TD

[
T k
∞
mk

]
T k+1

[
θ̂k

T̂ k+1

]

Figure 4: Joint Filter Method Diagram

6.2. Joint Filter State and Parameter Estimation

For system identification, it is often necessary to simultaneous perform state and parameter estimation

from noisy observations [26]. There are two basic approaches, joint and dual estimation. In the joint

estimation method, state and parameter estimation can be performed simultaneously with a single filter by

estimating the state-space model


 θk

T k+1


 =


 θk−1

G(T k, T k∞,m
k, θk−1)


+


n

k

vk


 (24a)

yk = T k+1 + wk (24b)

Figure 4 illustrates the joint filter method where the block TD represents a time delay. Just as in the

single filter method, we employ the additive UKF algorithm in (21) with the T k+1 observation as yk to

recursively estimate the model. However, in the joint filter method, we produce estimates of both the state

and the parameters (T̂ k+1 and θ̂k, respectively).
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Figure 5: Dual Filter Method Diagram

6.3. Dual Filter State and Parameter Estimation

In the dual estimation method, a separate state-space representation is used for the states and parameters.

For a TCL, the state model is given by

T k+1 = G(T k, T k∞,m
k, θk) + vk (25a)

yk = T k+1 + wk (25b)

and the parameter model by (23).

Figure 5 illustrates the dual filter method where the block TD represents a time delay. Because the

function G is linear in the states, we can estimate the state model (25) using the KF algorithm in (8)

with the T k+1 observation as yk to produce T̂ k+1. Again, the parameter model (23) is estimated using the

additive UKF algorithm in (21). We tie the two filters together by using the estimated state of one filter as

the control input and/or observation in another filter. Specifically, for the state filter, we use the previous

parameter estimate θ̂k−1 in the transition model. For the parameter filter, we use the previous estimate T̂ k

as input in the observation model and the current estimate T̂ k+1 as the observation yk (rather than the T k

and T k+1 observations, respectively).

6.4. Triple Filter Input, State, and Parameter Estimation

Lastly, we consider an estimation approach in which separate filters are used to estimate the inputs,

states, and parameters. For simplicity, we will refer to this as the triple filter approach. The input model is

given by


T

k
∞

mk


 =


T

k−1
∞

mk−1


+


p

k
1

pk2


 (26a)
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Figure 6: Triple Filter Method Diagram

yk =




G(T k, T k∞,m
k, θk−1)

T k∞

mk


+




vk + wk

qk1

qk2


 (26b)

where p ∈ R2 and q ∈ R2 are process and measurement noises, respectively, associated with the inputs T∞

and m. Again, the state model is given by (25) and the parameter model by (23).

Figure 6 illustrates the triple filter method where the block TD represents a time delay. The input model

(26) is estimated using the KF algorithm in (8) with the T k+1, T k∞, and mk observations as yk to produce

T̂ k∞ and m̂k. To tie the three models together, the input estimates T̂ k∞ and m̂k are used in the transition

model of the state filter and the observation model of the parameter filter. The previous parameter estimate

θ̂k−1 is used in the observation model of the input filter and the transition model of the state filter. Lastly,

the state estimate T̂ k is used in the observation model of the input and parameter filters and T̂ k+1 serves

as the observation yk in the parameter filter.

7. TCL Estimation Experimental Studies

In this section, we present parameter estimation results for TCL1, a 500W residential refrigerator, and

TCL2, a 100W mini-fridge. Each TCL is instrumented with two DS18B20 digital temperature sensors to

measure the ambient temperature T∞ and internal refrigerator temperature T . The sensors have a −55◦C

to +125◦C temperature range and a ±0.5◦C accuracy from −10◦C to +85◦C. A current sensor is used to
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TCL1 TCL2

θ̂f1 θ̂f2 θ̂f3 θ̂f1 θ̂f2 θ̂f3

Single 0.998 -50.329 0.004 0.987 -36.193 -0.141

Joint 0.997 -49.762 0.005 0.985 -37.277 -0.159

Dual 0.998 -50.872 0.004 0.988 -36.822 -0.133

Triple 0.997 -52.268 0.005 0.986 -37.141 -0.153

Table 1: Final Parameter Estimates for TCL1 and TCL2

measure the state (on or off) of the compressor, m. Measurements were taken at 1 minute intervals for a

period of 7 days. In this study, the temperature of the freezer is neither measured nor modeled.

TCL1 is observed under typical operating conditions for a residential refrigerator. Therefore, the door is

opened randomly and the contents of the refrigerator change regularly. By contrast, TCL2 is empty except

for 18 liters of water, which compose the thermal mass being conditioned by the unit. The door of TCL2

remains closed for the duration of the study.

For both TCLs, we have implemented four parameter estimation methods using the standard and un-

scented Kalman filters: single filter, joint filter, dual filter, and triple filter. The final parameter estimates

θ̂f are presented in Table 1. Normally, for system identification, we would seek to measure the performance

of each algorithm by first learning the parameters using a training dataset and then testing the parameters

using a separate validation dataset. However, an advantage of recursive parameter estimation is that we can

continuously improve the parameter estimates and potentially adapt to changes in the mechanical system.

Therefore, for the single, dual, joint, and triple filter methods, we represent the performance as the root

mean squared error (RMSE) over the last 300 time steps (i.e 5 hours). We will denote this moving window

RMSE as RMSE300. To measure the parameter estimation error, we employ the residual error rk of the

parameter filter for each of the four methods.

Figure 7 presents the parameter estimation results using the single filter method. The top subplots show

the parameter estimates θ̂k produced by the parameter filter at each time step k. For each parameter, the

center line is the mean or expected value of the estimate and the top and bottom lines illustrate the variance

relative to the mean. Eventually, all parameter estimates converge and the variances decrease. The bottom

subplots depict the residual error rk. As shown, the parameter estimation for TCL1 converges in about

1500 time steps while TCL2 converges in about 3000 time steps.

The parameter estimation convergence rate of the UKF can be adjusted by changing the initial parameter

estimates (θ̂0
1, θ̂0

2, and θ̂0
3) and by tuning the process and measurement noise covariance matrices (Qv and

Qw). We have chosen initial parameter estimates and covariance matrices that result in relatively slow
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Figure 7: Single Filter Parameter Estimation
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Figure 8: TCL2 Temperature Forecast

convergence in order to produce results that illustrate the suitability of the UKF to perform parameter

estimation of a TCL.

For use in controls applications, it is important for a model to be able to accurately predict the states

of a system. Figure 8 presents a 3 hour temperature forecast T̂ for TCL2 given the parameter estimates

produced by the single filter method at time step k = 5000. To generate the forecast, we assume perfect

knowledge of the inputs (m and T∞). The root mean squared error (RMSE) of the 3 hour temperature

forecast T̂ with respect to the measured temperature T is 0.47◦C.

Figure 9 presents the parameter estimation results using the joint filter method and Fig. 10 for the dual

filter method. Again, the top subplots show the parameter estimates θ̂k. The bottom subplots depict the

residual error rk. The state estimates T̂ k are presented in the center subplots. Both TCLs exhibit similar

convergence characteristics compared to the single filter method. Upon convergence, the difference between

the measured temperature T and estimated temperature T̂ becomes negligible. A sample of the temperature

estimates produced by the dual filter are shown in Fig. 11.

As shown in Table 1, the differences in the final TCL1 and TCL2 parameter estimates for the single,

joint, and dual filters are small enough to be considered negligible. Thus, with respect to parameter esti-

mation, the joint and dual filters show little to no advantage over the single filter method. In other words,
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Figure 9: Joint Filter Parameter Estimation

9
7
5
3
1
1
3
5

P
a
ra

m
e
te

rs

θ̂1 0. 1θ̂2 θ̂3

2

3

4

5

6

7

S
ta

te
 (
◦
C

)

T T̂

0 1000 2000 3000 4000 5000 6000
Time Step (Minutes)

2

0

2

4

E
rr

o
r 

(◦
C

)

0.5

0.0

0.5

(a) TCL1

9
7
5
3
1
1
3
5

P
a
ra

m
e
te

rs

θ̂1 0. 1θ̂2 θ̂3

2

3

4

5

6

7

S
ta

te
 (
◦
C

)

T T̂

0 1000 2000 3000 4000 5000 6000
Time Step (Minutes)

2

0

2

4

E
rr

o
r 

(◦
C

)

0.5

0.0

0.5

(b) TCL2

Figure 10: Dual Filter Parameter Estimation
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Figure 11: Dual Filter Temperature State Estimate
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filtering the temperature measurement T does not appear to significantly improve the performance of our

parameter estimation algorithm. Considering that we are estimating the parameters of two residential-sized

refrigerators, this is not a surprising outcome. For a larger or noisier TCL, the joint and dual filters may

yield a greater advantage, but for the TCLs used in this study, the estimation of T is simply unnecessary.
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Figure 12: Triple Filter Parameter Estimation

Figure 12 presents the parameter estimation results using the triple filter method. In addition to the

parameter estimate θ̂k, state estimate T̂ k, and parameter filter residual error rk, the figure displays the

compressor state estimates m̂k. The input filters also produce ambient temperature estimates T̂ k∞. However,

due to the negligible difference between the ambient temperature observations and estimates, we have

excluded the results from this manuscript.

A sample of the compressor state estimates are plotted in Fig. 13. As shown in Fig. 13, the estimated

compressor states m̂k resemble a first-order system response rather than the discrete on/off state mk given

by the TCL model (1). One could argue that m̂k better represents the thermodynamics of a TCL like

the refrigerators used in this study. Specifically, while the compressor may instantaneously turn on or off

(providing a step input), it takes some amount of time for the refrigeration cycle to start or stop removing

heat (resulting in a first-order response). We could elect to model the refrigeration cycle as a first-order

linear time-invariant system and to estimate the system parameters, however using the triple filter method

to estimate mk is a simple way to achieve a comparable result.

The moving window root mean square error (RMSE) results for each filter method are presented in
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Figure 13: Triple Filter Compressor State Estimate
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Figure 14: Parameter Estimation Moving Window RMSE
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Figure 14. As stated previously, the RMSE300 at each time step is a measure of the RMSE over the last 300

time steps (i.e 5 hours). In this way, the RMSE300 is a function of the parameter filter’s residual error rk

but provides a clearer means of comparing the performance of each filter method. As shown in Figure 14,

the triple filter is the slowest to converge but performs slightly better than the other methods. The single

and joint filter performances are comparable in TCL1 whereas the joint method has the worst performance

for TCL2.

Overall, each filter method succeeds in performing parameter estimation and converges to comparable

values. After convergence, the differences in the RMSE300 values are small enough to be considered neg-

ligible. In short, based on the experimental results, the joint, dual, and triple filter methods provide an

insignificant advantage with respect to parameter estimation relative to the single filter method.

It is inconclusive whether this lack of advantage is attributable to the methods (i.e. filtering the states

and inputs does not improve the parameter estimates) or to the systems (i.e. there was little noise in

the refrigerators studied and therefore state and input estimation was unnecessary). Nonetheless, this

manuscript presents a compiled collection of parameter estimation and filtering methods for online learning

of TCLs.
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Figure 15: Adaptive Parameter Estimation of Experimental TCLs

Utilizing a recursive system identification technique provides the added benefit of allowing the parameter

estimates to continuously adapt to changes in the system. This point is illustrated in Figure 15. Because

TCL1 is subject to normal residential use, the capacitance of the refrigerator regularly changes by relatively
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small, random, and unobserved magnitudes. Figure 15(a) shows how the parameter estimates produced by

the single filter method, particularly θ̂3, respond to observations from the temperature sensors. In other

words, the UKF updates the parameter estimates in order to minimize the residual error, thus allowing the

model to dynamically adapt.

To more directly test the adaptive characteristics of our recursive system identification technique, we

removed the 18 liters of water from TCL2 at roughly time step k = 8000, thereby producing a step reduction

in the thermal capacitance of the system. Figure 15(b) illustrates how the single UKF method responded to

this step change by increasing both θ̂1 and θ̂3. According to the TCL model (1), we expect that decreasing

the capacitance in the TCL increases θ̂1, which represents the thermal characteristics of the conditioned

mass (θ1 = exp(−h/RC)). As stated previously, θ̂3 represents a noise process accounting for energy gain or

loss that is not directly modeled.

8. TCL Simulation Studies

8.1. Adaptive Parameter Estimation

In this section, we demonstrate the capability of the single UKF method to quickly converge to new

parameter estimates in response to changes in the system. In this simulation study, we first generate data

of a residential refrigerator with time-varying parameters. We then employ the single UKF method to

recursively estimate the parameters using the temperature and compressor state signals. We have tuned

the values of the covariance matrices Qv and Qw to allow the UKF to converge to new parameter estimates

more quickly than in the previous TCL studies.

The refrigerator simulated in this study has parameters which vary periodically due to the loss or gain

of thermal capacitance and changes in the unmodeled noise process. The change in thermal capacitance is

represented by randomly drawing a value for θ1 from the uniform distribution [0.985, 0.995] once an hour

and drawing θ3 from the uniform distribution [-0.16,-0.08] once every 3 hours. We assume that θ2 is constant

and equal to -40. Internal temperature and compressor state data is generated by simulating the deadband

control of the system for 7 days using the random time-varying parameters and employing the ambient

temperature data collected by TCL1.

Next, we apply the single UKF method to recursively estimate the model parameters based on the

simulated internal temperature and compressor state signals. Figure 16 presents examples of the time-

varying system parameters and the parameter estimates produced by the single UKF method. The figure

illustrates how the UKF is able to converge to new parameter estimates within a few time steps. We observe

that the UKF often updates both θ1 and θ3 in response to changes in the thermal capacitance of the system.

This observation is comparable to how the parameter estimates changed in response to removing thermal

mass from TCL2, as shown in Figure 15 above.
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Figure 16: Adaptive Parameter Estimation of Simulated TCL

To quantify the advantage of using an adaptive modeling approach, we compare the performance of

3 observers which model the fridge and produce 1-hour ahead forecasts of the internal temperature and

compressor state. The first observer, referred to as the “static” observer, employs a model with fixed

parameters (θ1 = 0.99, θ2 = −40, and θ3 = −0.12). The second observer, referred to as the “adaptive”

observer, employs the parameter estimates produced by the single UKF method. Note that the adaptive

observer uses the model parameters as estimated at the time step that the forecast was produced and that

the parameters do not vary within a 1-hour ahead forecast. Finally, the third observer, referred to as the

“informed” observer, has perfect knowledge of the system parameters at the time that each forecast is

produced. Note that the informed observer does not have knowledge of how the parameters will change in

the future and thus the parameters do not vary within a 1-hour ahead forecast.

For each observer, we produce a 1-hour ahead forecast of the internal temperature and compressor state

starting at each minute over a 7 day period. The performance of each observer is quantified as the root mean

squared error (RMSE) of the forecasts compared to the simulated data with random time-varying parameters.

The RMSE of the internal temperature forecasts for the static, adaptive, and informed observers are 1.37◦C,

1.12◦C, and 0.73◦C, respectively, and for the compressor states are 0.402, 0.305, and 0.234, respectively.

Based on these results, the adaptive observer reduces the temperature forecast RMSE by 24.1% and the

compressor state forecast RMSE by 18.2% relative to the static observer. Assuming that the electrical power

demand of the TCL is linearly proportional to the compressor state, the adaptive observer also reduces the

power demand forecast RMSE by 18.2% relative to the static observer.

8.2. TCL Demand Response

In this section, we present a simulation study in which a population of residential refrigerators optimizes

its power demand according to a price signal from a demand response event using model predictive control

(MPC). Because the individual TCLs all respond to the same price signal and do not coordinate with each

other or with a grid entity, the demand response approach can be described as decentralized model predictive

control. The objective of this study is to illustrate the impact of model fidelity on the decision making of
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Parameter Refrigerator

Thermal resistance, R (◦C/kW) [80, 100]

Thermal capacitance, C (kWh/◦C) [0.4, 0.8]

Energy transfer rate, P (kW) [-1, -0.2]

Coefficient of performance, COP 2

Temperature setpoint, Tset (◦C) [1.7, 3.3]

Deadband width, δ (◦C) [1, 2]

Ambient temperature, Ta (◦C) 21

Table 2: TCL parameter ranges adopted from [29]

the TCLs. Specifically, we illustrate the advantage of using the single UKF method to recursively estimate a

system’s parameters rather than employing a fixed set of parameters for model predictive control. By more

accurately representing the dynamics of a TCL, a controller with recursive parameter estimation is capable

of identifying and implementing a better solution.

To avoid using electricity during the hour long event, the fridges are able to shift their demand by

decreasing their temperature setpoints by 1◦C for a certain amount of time. Note that the setpoint will

never deviate by more than −1◦C from the original temperature setpoint. The power demand of a TCL at

each time step is defined by

pk =
|P |
COP

mk (27)

where pk ∈ R is the electric power demand (kW) and COP the coefficient of performance.

To determine when to change the setpoints, each refrigerator employs a receding horizon model predictive

controller. Every 10 minutes, the controller generates a temperature setpoint schedule for the next 2 hours

that minimizes the electricity costs. The refrigerator then implements the first 10 minutes of the 2-hour

setpoint schedule. This procedure is repeated every 10 minutes over one day.

Setpoint changes are applied over 10 consecutive time steps. In other words, the 2-hour horizon is divided

into 12 segments of 10 minutes. For each segment, the controller must decide whether to employ the original

setpoint temperature or to decrease the setpoint by 1◦C. Therefore the controller must consider 212 possible

2-hour setpoint schedules. To find the optimal setpoint schedule, the controller simulates the refrigerator

with each of the 212 setpoint schedules and selects the schedule that has the lowest electricity cost.

In this study, we simulate the dynamics of 1000 refrigerators. To generate a diverse population of

refrigerators, we employ published model parameter ranges, given in Table 2 and adopted from [29]. For each
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refrigerator in the population, we randomly draw the R, P , Tset, and δ values from a uniform distribution

between the maximum and minimum values shown in the table. These values remained fixed for a specific

TCL. To represent periodic loss or gain of thermal capacitance and changes in the unmodeled noise process,

we randomly vary the C and θ3 parameters of each TCL. Once an hour, a new value of C is randomly

drawn from the uniform distribution in Table 2. Once every 3 hours, a new θ3 is drawn from the uniform

distribution [-0.16,-0.08]. Finally, we assume a constant COP of 2 and ambient temperature T∞ of 21◦C.

To quantify the impact of model accuracy on the decision making, we implement 3 model predictive

controllers. The first controller, referred to as the “static” controller, employs a model with fixed parameters

(C = 0.6 and θ3 = −0.12). The second controller, referred to as the “adaptive” controller, employs parameter

estimates produced recursively using the single UKF method. The third controller, referred to as the

“informed” controller, has perfect knowledge of the system parameters at the time that each forecast is

produced. We employ each of these controllers to simulate the TCLs in the population and to minimize the

electricity costs by adjusting the temperature setpoints using the procedure described above.
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(b) Demand Response Simulation (Price Event)

Figure 17: Demand Response of Simulated TCL Population

For each of the 1000 TCLs in the population, we simulate the receding horizon model predictive control

(MPC) over one day using the static, adaptive, and informed controllers. The results of this study are

illustrated in Figure 17. The top subplots show the demand response event pricing and the bottom subplots

show the aggregate power demand of the refrigerator population. In Figure 17(b), we can observe how the

controllers respond to the demand response pricing event and how the model accuracy impacts the capability

of the controllers to optimally schedule the temperature setpoints. In other words, the static, adaptive, and

informed controllers each produce an optimal temperature setpoint schedule using their respective TCL

models. However, if the models do not accurately represent the dynamics of the system, the setpoint

schedule implemented by the controller is likely to be suboptimal. This is illustrated in Figure 17 by the

fact that the static controller does not avoid the peak pricing as well as the adaptive and informed controllers.
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The average cost of operating a TCL in the population is $0.0769 per day using the static controller, $0.0740

per day using the adaptive controller, and $0.0725 per day using the informed controller. Based on these

results, the adaptive controller achieves a 3.71% cost savings compared to the static controller.

Additionally, the adaptive controller is more capable of achieving the desired demand response behavior

of shifting load away from the peak price period. Within the 1-hour event, the average electricity costs of

operating a TCL are $0.01175 per hour, $0.00855 per hour, and $0.00702 per hour using the static, adaptive,

and informed controllers, respectively. Within the 1-hour event, the adaptive controller achieves a 27.2%

cost savings compared to the static controller. By recursively estimating the parameters using the single

UKF method, the adaptive controller better enables the TCL to participate in demand response programs

and other smart grid applications.

9. Conclusions

This paper examines online parameter estimation of thermostatically controlled loads (TCLs). First, we

briefly discuss the Kalman filter (KF) and unscented Kalman filter (UKF) algorithms. Next, we present four

filter methods (single, joint, dual, and triple) for recursively estimating the parameters of a discrete-time

thermostatically controlled load (TCL) model. We also present experimental results using real temperature

data from a 500W and a 100W residential refrigerator. For each of the four filter methods, the algorithm

successfully converges to comparable parameter estimates and adapts to changing TCL characteristics.

Finally, we present 2 simulation studies. The first study demonstrates the capability of the single UKF

method to quickly converge to new parameter estimates in response to changes in the system dynamics.

The second study presents simulation results for a population of refrigerators which optimize their power

demand based on a demand response electricity price event. These studies show the advantage of using model

predictive control with the single UKF method rather than employing a fixed set of model parameters.

In this paper, we have applied the model predictive control of a TCL population to the relatively simple

problem of demand response load shifting. In future work, we will incorporate the recursive parameter esti-

mation methods presented here into model predictive control algorithms for ancillary services like frequency

regulation and load following. As demonstrated in the demand response study above, utilizing a recursive

parameter estimation method will improve the performance of a model predictive controller and therefore

improve the capability of a TCL population to perform ancillary services.

A challenge not addressed in this manuscript is the estimation of TCL electric power demand and the

coefficient of performance (COP). To enable TCL populations to perform ancillary services in power systems,

it is important to be able to accurately estimate the power demand and to account for power dynamics such

as inrush current in compressors. In future work, we plan to research models for forecasting TCL power

demand which recognize nonlinearity due to the COP.

26



10. Appendix

10.1. Augmented Unscented Kalman Filter Algorithm

To estimate systems with non-additive noise, it is necessary to employ the augmented unscented Kalman

filter algorithm. To present the augmented UKF algorithm, we will consider the state estimation of a

discrete-time nonlinear dynamic system with non-additive noise given by the state-space model

xk = F (xk−1, uk, vk) (28a)

yk = H(xk, uk, wk) (28b)

where variable xk ∈ RX is the state of the system, uk ∈ RU is the known exogenous input, and yk ∈ RY is

the observed measurement signal. Function F is the transition model and the process noise vk ∈ RX has

covariance Qv ∈ RX×X , vk ∼ N(0, Qv). Function H is the observation model and the measurement noise

wk ∈ RY has covariance Qw ∈ RY×Y , wk ∼ N(0, Qw).

The UKF will model xk as a GRV with estimated mean x̂k and covariance Qkx. At each time step k, the

UKF will generate sigma points for the previous state estimate, x̂k−1|k−1. For systems with non-additive

noise, the state estimate and covariance is augmented with the process and measurement noise, as given by

s̄k−1 =




x̂k−1|k−1

v̄k

w̄k




(29a)

Qk−1
s =




Q
k−1|k−1
x 0 0

0 Qv 0

0 0 Qw




(29b)

where v̄k and w̄k are the mean of the process and measurement noises, respectively. In other words, if

Gaussian, v̄k ∈ {0}X and w̄k ∈ {0}Y . The dimensionality of s̄ is therefore L = 2X + Y .

Next, the UKF will generate the sigma points. Because we are using the augmented state, we will intro-

duce Sx, Sv, and Sw, the sigma points associated with the state estimate, process noise, and measurement

noise, respectively.

Sk−1 = UTs(s̄
k−1, Qk−1

s ) (30a)

Sk−1
x,j = Sk−1

j j = 0, . . . , X − 1 (30b)
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Sk−1
v,j = Sk−1

j j = X, . . . , 2X − 1 (30c)

Sk−1
w,j = Sk−1

j j = 2X, . . . , 2X + Y − 1 (30d)

where j refers to the rows of the L by 2L+ 1 matrix S.

In the prediction step, the UKF will propagate the sigma points through the process model and generate

the a priori sigma points X k|k−1
i , state estimate x̂k|k−1, and covariance Q

k|k−1
x as follows,

X k|k−1
i = F (Sk−1

x,i , u
k,Sk−1

v,i ) i = 0, . . . , 2L (31a)

x̂k|k−1 = UTm(X k|k−1) (31b)

Qk|k−1
x = UTc(X k|k−1) (31c)

In the correction step, the UKF will propagate the a priori sigma points through the measurement model

to generate the measurement sigma points Yki , estimate ŷk, and covariance Qy as follows,

Yki = H(X k|k−1
i , uk,Sk−1

w,i ) i = 0, . . . , 2L (32a)

ŷk = UTm(Yk) (32b)

Qy = UTc(Yk) (32c)

These are used to calculate the cross-covariance Qxy, the Kalman gain K, and the observation error

rk. Finally, the state estimate and covariance are corrected, producing the a posterior estimate x̂k|k and

covariance Q
k|k
x .

Qxy =

2L∑

i=0

Wc,i(X k|k−1
i − x̂k|k−1)(Yki − ŷk)T (33a)

K = QxyQ
−1
y (33b)

rk = yk − ŷk (33c)

x̂k|k = x̂k|k−1 +Krk (33d)

Qk|kx = Qk|k−1
x −KQyKT (33e)

where rk ∈ R is the error between the measurement yk and the estimate ŷk at time step k.

To simplify notation, the non-additive unscented Kalman filter algorithm with augmented state can be

expressed using the following 4 operator expressions




Sk−1
x

Sk−1
v

Sk−1
w




= UKFs






x̂k−1|k−1

Q
k−1|k−1
x


 ,



v̄k

Qv


 ,



w̄k

Qw





 (34a)

28






x̂k|k−1

Q
k|k−1
x

X k|k−1




= UKFx
(
F,Sk−1

x , uk,Sk−1
v

)
(34b)




ŷk

Qky

Yk




= UKFy(H,X k|k−1, uk,Sk−1
w ) (34c)




x̂k|k

Q
k|k
x

rk




= UKFc







x̂k|k−1

Q
k|k−1
x

X k|k−1



,




ŷk

Qky

Yk



, yk




(34d)

where (34a) corresponds to (29-30), (34b) to (31), (34c) to (32), and (34d) to (33).

The additive UKF presented in section 5.2 can be considered a common special case of the augmented

UKF algorithm. Specifically, s̄k−1 = x̂k−1|k−1, Qk−1
s = Q

k−1|k−1
x , and there are no sigma points for the

process and measurement noise. This reduces the computational complexity of each iteration of the algorithm

from O((2X + Y )3) for the augmented UKF to O(X3) for the additive UKF where X is the dimensionality

of the state space and Y the dimensionality of the observation space.
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